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Is this the real life? 

Is this just fantasy? 

Caught in a landslide 

No escape from reality 

[Freddie Mercury, Bohemian Rhaposdy]
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• #*2%1<2* $1(1 ".(*& %+ &"( 1@1%21<2*?

• %:;"++%<%2%(- ". )1@* %&."#:1(%"& 1<",( ()* :1'&%(,$*9 ()* 2"!1(%"& ". ()*

21&$+2%$* *@*&( (#%''*#*$?

• L)*& "&2- ()* (#%''*#%&' #1%&.122 *@*&(+ 1#* !"&+%$*#*$ %& ()* +(1(%+(%!12 1&12=

-+%+9 ()* !1+* ". .12+* ;"+%(%@*+ %+ &"( 1!!",&(*$ ."# 4.12+* 121#:+8?

• #"2* ". 1&(*!*$*&( ;#*!%;%(1(%"& %+ &"( .,22- ,&$*#+(""$3

 & 1((*:;( (" '*&*#12%0* *:;%#%!12 :"$*2+ )1+ <**& !"&$,!(*$ <- U%#1&'*2"

1&$ V*#+1!* 4HII589 ()1( )1@* ;#";"+*$ ()* WX1BY 4F"#*!1+(%&' ". La&$+2%$*+



 ! "#$%&'(%) *+(,,)+($, -. +#($/#''

I !"#$! %& R'( )'**+ ,-!$*. /0'12 ,-!$* 3'4 )-" ! 4$5$6'* '77*(#'8(- 4 ( 18'*&9

( 7'68(#"*'6: 8- 83$ ;'*'%6(' 6$<(- =>(6' <$*- $8 '*.9 ?@@AB >(6' <$*- ' ! C$64'#$9

?@@AB /0D+9 8- >'6 - ( 83$ ;',7' (' 6$<(- =>(6' <$*- ' ! E6'#'9 FGGH+ ' ! 8-

83$ 0' I- '6$' ( J($!,- 89 K3$6$ ' $L7$6(,$ 8'* $'6*& K'6 ( < 4&48$, %'4$!

- /0'12 (4 '#8(5$ =;'77'6$**( ' ! M(6' 8(9 FG?G+.

1 /0'12 ,-!$* 83$ !$N (8(- -) 83$ K'6 ( < 836$43-*! (4 %'4$! - 83$ #-,7"O

8'8(- -) '  !"#$#%& '()*%#!)9 83'8 (4 83$ #- 5-*"8(- %$8K$$ ' 6'( )'** 8(,$ 4$6($4

'8 ' 6$76$4$ 8'8(5$ *-#'8(- ' ! ' 7'6',$86(# (,7"*4$ 6$47- 4$ !(486(%"8(- 9 K3(#3

#3'6'#8$6(I$4 83$ '6$' K(83 6$47$#8 8- (84 %$3'5(-6 8- *' !4*(!$4. ;'*(%6'8(- -) 83$

7'6',$86(# )" #8(- (4 #'66($! -"8 836-"<3 83$ "4$ -) 3(48-6(#'* 6'( )'** 4$6($4 ' !

*' !4*(!$ $5$ 84.

P-6$ ( !$8'(*9 <(5$ ' 6'( )'** 8(,$ 4$6($4 Iptq9 83$ ,-%(*(8& )" #8(- Y ptq (4

<(5$ %& 83$ #- 5-*"8(- ( 8$<6'* -) Iptq K(83 ' filter function ψptq:

Y ptq “
ż t

0

ψpt´ τqIpτqdτ =F.Q+

/0'12 ,-!$* (4 %'4$! - 83$ #- #$78 83'8 83$ K3-*$ 8(,$ 3(48-6& -) 83$ 6'( )'**

( 7"8 'R$#84 83$ 76-%'%(*(8& -) 4*-7$ )'(*"6$ ( ' <(5$ '6$' -) ( 8$6$489 )-6 K3(#3

83$ ,-!$* (84$*) (4 #'*(%6'8$!. D4 43-K ( ;'77'6$**( ' ! C$64'#$ =FG??+9 836-"<3

83$ "4$ -) ' '776-76('8$ N*8$6 )" #8(- )-6, $S"'8(- Q.? 6$76-!"#$4 83$ 1 8$ 4(8&O

T"6'8(- ,-!$* =5. $S F.F+

1 )'#89 83$  !"#$#%& '()*%#!) (4  -8 U -K - ' 73&4(#'* %'4(4B 3$ #$ (8 (4

'44",$! 8- %$ 7'6',$86(# ' ! -) ' #3-4$ )-6,. M3$ 7'6',$86(# !(486(%"8(- 83'8

3'4 %$$ ,-48*& "4$! ( '77*(#'8(- 4 (4 83$ <',,' !(486(%"8(- 9 K3(#3 #- 8'( 4

8K- 7'6',$8$64.

V #$ 83$ 4$8 -) 7'6',$8$649 ' ! 3$ #$ 83$ ,-%(*(8& )" #8(- 9 (4 " (5-#'**& !$O

8$6,( $!9 $'6*& K'6 ( < -) *' !4*(!$4 ,'& %$ %'4$! - #-,7'6(4- -) 83$ ,-%(*(8&

)" #8(- K(83 ' #6(8(#'* 5'*"$9 "4"'**& '44",$! '4 83$ ,( (,", 5'*"$ -) 83$ #'*(O

%6'8$! ,-%(*(8& )" #8(- )-6 K3(#3 *' !4*(!$ 86(<<$6( < 3'4 %$$ -%4$65$!.

J$6)-6,' #$4 -) $'6*& K'6 ( < 4&48$,4 %'4$! - 83$ /0'12 ,-!$*9 (,7*$,$ 8$!

( 83$ ;'*'%6(' 6$<(- =18'*&+9 3'5$ %$$ ( 5$48(<'8$! 6$#$ 8*& ( 8$6,4 -) ( !(#'8-64

%'4$! - 83$  ",%$6 -) #-66$#8 '*'6,4 CA9 ,(44$! '*'6,4MA ' ! )'*4$ '*'6,4 FA.

W(8 6'8$ HR “ FA{pCA ` FAq ' ! /'*4$ J-4(8(5$ 2'8$ FPR “ FA{pCA ` FAq
5'6($! ( 83$ 6' <$ G.?H O G.AA ' ! G.QH O G.XA9 6$47$#8(5$*& =C$64'#$ $8 '*.9 FG?F+.

 !" #$%&'()**%+,)&-. /0.-*&

M3$4$ '776-'#3$4 '6$ %'4$! - 83$ #-,7"8'8(- -) ' )'#8-6 -) 4')$8& FS K(83

6$47$#8 8- 4*-7$ 48'%(*(8&. M3$ 6$<(- -) ' '*&4(4 "4"'**& #- 4(484 ( ' #'8#3,$ 89

K3(#3 (4 4"%!(5(!$! ( $*$,$ 84 -6 #$**49 - ' 47'8('**&O!(486(%"8$! Y21T -6 #- 8-"6

%'4(4.

M3$ )'#8-6 -) 4')$8& $L7*(#(8*& !$7$ !4 - 83$ 4-(* K'8$6 76$44"6$. M3"4 ' 3&O

!6-*-<(#'* ,-!$*9 )-#"4$! ,'( *& - 4"%4"6)'#$ K'8$6 !& ',(#49 83'8 '**-K4 #-,O

7"8'8(- -) 7-6$ 76$44"6$4 )6-, 6'( )'** ( 7"89 (4 ' )" !',$ 8'* 7'68 -) 83$4$ 8&7$



 !" #$%&'()**%+,)&-. /0.-*& 12

 ! " #$%&' ()$ &% *$ &+,-.%.+/ " #$% .& 0&0,%%/ $1*2$&&$# ,&  3$ ! 2"0%, ! 2 +)$

&,!$+/ !,4+ 25 ,3# 03&+,-%$ 4$%%& ,2$ .#$3+.6$# ,& +)$  3$& ! 2 7).4) FS ă 1'

83 +)$ ! %% 7.39 &$4+. 3&5 +)$ *2.34.*,% &% *$ &+,-.%.+/ ,3# ).%%&% *$ )/#2 % 9/

" #$%& 0&$# -/ 2$&$,24)$2& ,2$ 2$:.$7$#' ()$ #$+$2".3,+. 3  ! 2$+023 *$2. #  !

%,3#&%.#$& .& +)$3 ! 40&$#'

3*04- &5),'*'5% )6)*%&'&

83 ",3/  ! +)$ " #$%.39 ,**2 ,4)$&5 .+ .& ,&&0"$# +),+ +)$ * +$3+.,% !,.%02$ &02!,4$

%.$& ,+ , #$*+) dLZ -$% 7 +)$ &02!,4$ +),+ .& &",%% .! 4 "*,2$# 7.+) +)$ %$39+)  !

+)$ &% *$5 & +),+ +)$ $#9.39 $;$4+& ,2$ 3$9%.9.-%$' ().& ,%% 7&  3$ + 0&$ +)$

infinite<slope &+,-.%.+/ ,3,%/&.& =>,$!$%.5 ?@ABC (,/% 25 ?@ABD' 83 +).& 4,&$5 +)$

!,4+ 2  ! &,!$+/ .& #$+$2".3$# !2 " +)$ ,3,%/&.&  ! , &%.4$  ! ",+$2.,%  ! 03.+ 7.#+)

,3# +).4E3$&& =&$$ 6902$ F'FD'

G.902$ F'FH I4)$"$ ! 2 .363.+$ &% *$ $J0.%.-2.0" ,3,%/&.& =,#,*+$# !2 " K && 

$+ ,%'5 FLLMD' N3 +)$ %$!+5 +)$ 4  2#.3,+$ &/&+$" 0&$# -/ 8:$2& 3 =FLLLD

G,4+ 2/  ! &,!$+/ .& .3 9$3$2,% #$63$# ,& +)$ 2,+. -$+7$$3 &)$,2 &+2$39+) τf
,3# &)$,2 &+2$&& τ H

FS “ τf

τ
. =F'AD

O44 2#.39 + +)$ *2.34.*%$  ! $;$4+.:$ &+2$&&5 +)$ &)$,2 &+2$39+) ",/ -$ $1*2$&&$#

,&H

τf “ c1 ` pσ ´ ψq tan δ =F'PD

7.+) c1
#$3 +.39 & .% 4 )$&. 35 σ +)$ 3 2",% + +,% &+2$&&5 ψ +)$ * 2$ 7,+$2 *2$&&02$5

δ +)$ &% *$ ,39%$ ,3# φ1
+)$ ,39%$  ! &)$,2.39 2$&.&+,34$  ! +)$ & .% ",3+%$'



 ! "#$%&'(%) *+(,,)+($, -. +#($/#''

 ! γ "#$"#%#&'% '(# )*#")+# ,-./ -&0' 1#0+(' 2! %20. ),2*# '(# +"2-&31)'#"

.#*#. )&3 γsat '(# %)'-")'#3 -&0' 1#0+(' 2! %20. -&3#" '(# +"2-&31)'#" .#*#.4 '(#

#5$"#%%02&% 2" σ4 τ )&3 ψ )"#6

σ “ rp1 ´ ωqγ ` ωγsatsdLZ cos2 δ

τ “ rp1 ´ ωqγ ` ωγsatsdLZ sin δ cos δ 789:;

ψ “ ωdLZγw cos2 δ

1(#"# ω “ h{dLZ )% %(21& 0& 8984 )&3 "#$"#%#&'% '(#  !"#!$$ !)<'2"9

=-,%'0'-'02& 2! '(# ),2*# !2">-.)% 0& 89? )&3 89@ A0#.3% '(# !2..210&+ #5$"#%%02&

!2" '(# %)!#'A !)<'2"4 -%#3 0& '(# >23#. ,A B2%%2 #' ).9 78CC:;6

FS “ c1 ` rp1 ´ ωqγ ` ωγ1sdLZ cos2 δ tanφ1

rp1 ´ ωqγ ` ωγsatsdLZ sin δ cos δ
. 789D;

E2&'+2>#"A )&3 F0#'"0<( 7GHH@; -%#3 '(# ) %0>$.0I#3 *#"%02& 2! '(0% !2">-.)4

1(0<( <2&%03#"% ) <2(#%02&.#%% %20. >)&'.# 7c1 “ 0; )&3 γ “ γsat6

FS “ γsat ´ ωγw

γsat

tanφ1

tan δ
. 789J;

K >2"# +#&#"). #5$"#%%02& '()& #L-)'02& 89D4 '()' ()% ,##& -%#3 10'(0& >23#.%

'()' $"2*03# '(# $2"# $"#%%-"# 30%'"0,-'02& ).%2 0& '(# -&%)'-")'#3 M2&# 7#9+9 N)->

#' ).94 8CGCO P)$$)"#..0 )&3 Q#"%)<#4 8CGG; )<<2-&'% !2" '(# 3#+"## 2! %)'-")'02& 0&

'(# -&%)'-")'#3 M2&# ,A >-.'0$.A0&+ $2"# $"#%%-"# !2" '(# )$$"250>)'02& +0*#& ,A

Q)&)$)..0 )&3 R"#3.-&3 78CCC; 2! '(# N0%(2$S% N0%(2$ #T#<'0*# %'"#%% $)")>#'#"

χ “ pθ ´ θsq{pθs ´ θrq4 ,#0&+ θ “ Vw{Vt '(# )<'-). %20. 1)'#" <2&'#&' 7*2.-># 2!

1)'#" Vw $#" -&0' *2.-># 2! %20. Vt;9

U(# 0&I&0'# %.2$# %<(#># '#&3#&'02-%.A .#)3% '2 -&3#"#%'0>)'02& 2! '(# )<'-).

!)<'2" 2! %)!#'A4 ,#0&+ '(# #3+0&+ #T#<'% &#+.#<'#39 K<'-)..A4 (#'#"2+#&#0'0#% 0&

'(# %20. <()")<'#"0%'0<% >)A )33 ) 3#+"## 2! -&<#"')0&'A '()' >)A .#)3 ).%2 '2

2*#"#%'0>)'02&% 2! FS4 3-# !2" #5)>$.# '2 2*#"#%'0>)'02& 2! '(# %20. >#<()&0<).

$"2$#"'0#% c1
)&3 φ1

9

N)-> #' ).9 78CG8; -%#3 ).%2 ) !)<'2" 2! %)!#'A ,)%#3 2& ) I&0'# VWF %.2$#

%<(#>#4 2,')0&0&+ ,#''#" "#%-.'% '()& 10'( '(# GWF %.2$#4 10'( '(# %)># $2"#

$"#%%-"# 30%'"0,-'02& <).<-.)'#3 10'( '(# *#"'0<). 0&I.'")'02& >23#. UB XB= *9 89C

7N)-> #' ).94 8CCJ;4 3#%<"0,#3 )!'#"9

0(''&'12) 3.%+1'1,.

Y)".A >23#.% )"# ,)%#3 2& >)%% <2&%#"*)'02& 2! +"2-&31)'#" 0& '(# %<(#># .0/#

'(# 2&# 2! I+-"# 89V4 1(#"# ) 0>$#">#),.# ,#3 0% )' 3#$'( dLZ 9 E)%%W<2&%#"*)'02&

#L-)'02& >)A ,# #5$"#%%#3 )% '(# !2..210&+ 7B2%%2 #' ).94 8CC:;6

Ap´ q “ dS

dt
, !2" h ď dLZ 789H;

)&3

Ap´ q ´ r “ 0, !2" h ą dLZ 789GC;
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 !"#" t $% &"'%(#") *#+& ,!" -".$//$/. +* ,!" %,+#&0 S ,!"  ',"# %,+#'." $/ ,!"

"1"&"/,0 '/) r ,!" +2"#1'/) 3+ )$%4!'#." +44(##$/.  !"/ %+$1 $% %',(#',") 5$6"6

Sr “ 176

8$.(#" 96:; <4!"&" +* 4+/,+(#=-'%") &+)"1% 5')'>,") *#+& ?+%%+ ", '160 9@@A7

?+%%+ ", '16 59@@A7 "B>#"%%")  ',"# %,+#'." '% S “ Vwptq´Vwp0q “ Vwptq´Vwp0q
Vt

Vt “
e

1`e p1 ´ SrqAh0 !"/4" 4+/%$)"#$/. ' /+/=/(11 $/$,$'1 )".#"" +* %',(#',$+/ Sr6
C!" D'#4E 1' ,!"/ >#+2$)"% ,!" %"">'." 3+ $/ ,!" .#+(/) ',"# ,'-1" '%;

q “ pBh cos δqKs tan δ “ BhKs sin δ, 596FF7

-"$/. Ks ,!" %',(#',") !E)#'(1$4 4+/)(4,$2$,E +* ,!" %+$1 '/) tan δ !"') .#')$"/,0

'%%(&") ,+ -" >'#'11"1 ,+ ,!" 1+4'1 .#+(/) %1+>"6

G/,".#',$+/ +* ,!" )$H"#"/,$'1 "I(',$+/ 96J E$"1)% ,+;

h “ p

p˚
dLZ

„

1 ´ exp

ˆ

´ 1

A1

p˚ t

dLZ

˙

` hi exp

ˆ

´ 1

A1

p˚ t

dLZ

˙

, *+#

p

p˚
ď 1

596F97

 !"#" hi “ hp0q $% ,!" $/$,$'1  ',"# ,'-1" !"$.!,0 A1 “ e
1`e p1´Srq '/) p˚ “ TsB sin δ

A



 ! "#$%&'(%) *+(,,)+($, -. +#($/#''

 ! "#$ !%"&'%" () *'$+ * "%" () '%"$ ,Ts “ Ksz -$)("$! #.-'%&/ + "'%)!0 !! 1 ". (2

"#$ !( / 0%)"/$34

52 )$" '% )2%// $6+$$-! "#$ !%"&'%" () *'$+ * "%" () '%"$ p˚
7 ()$ (8"% )! !%"&'%9

" () (2 "#$ !( / 0%)"/$ %2"$' % +$'"% ) " 0$ t˚:

h “
"

$;)4 2.12  2 t ď t˚

dLZ  2 t ą t˚
,<4=>3

%)-

t˚ “ ´A1

z

p˚
log

¨

˝

zp1 ´ p˚

p
q

hi ´ pz
p˚

˛

‚

,<4=?3

@ *'$1 (&!7 %)- ! 0*/$'7 0(-$/ 8. A()"B(0$'. %)- C $"' +# ,=DD?37 +()! -$'$-

"#$ !"$%-. !"%"$ +%!$7  4$4 "#$ *'$1 (&! $;&%" () E "# "#$ " 0$9-$*$)-$)" "$'0

dS
dt

“ 07 %)- 2%+"('. (2 !%2$". FS B 1$) 8. $;&%" () <4F7 E# +# . $/-! "#$ 2(//(E )B

2% /&'$ +' "$' ()7  ) "$'0! (2 G+' " +%/G E$")$!!:

ωCR “ γsat

γw

„

1 ´ tan δ

tanφ1



, ,<4=H3

E# +#  0*/ $! "#%" "(*(B'%*# + $/$0$)"! E#$'$

A{B ě pTs{pq sin δpγsat{γwqr1 ´ tan δ{ tanφ1s ,<4=I3

%'$ *'$- +"$- "( 8$ &)!"%8/$4

@! (8!$'1$- 8. "#$ !%0$ %&"#('!7 "#$ $/$0$)"! E "# ) % +%"+#0$)" 0%. 8$

- !" )B& !#$-  ) 2(&' !"%8 / ". +/%!!$!:  !"#!$%&%#!'(()  !*&'+(,-  !*&'+(,- *&'+(,7

%)-  !"#!$%&%#!'(() *&'+(,4 J)+()- " ()%//. &)!"%8/$ $/$0$)"! %'$ "#(!$ *'$- +"$-

"( 8$ &)!"%8/$ $1$) E#$) -'. ,"# ! 0%. 8$ $;& 1%/$)" (2 !%. )B "#%" 8$-'(+K

(&"+'(** )B +(''$!*()-! "( "#$!$ $/$0$)"!34 L("$)" %//. &)!"%8/$ $/$0$)"! %'$ "#$)

+/%!! M$- 8. % 0(-$/ %! !"%8/$ (' &)!"%8/$  2 "#$ 2% /&'$ +' "$' ()  ! !%" !M$- (' )("7

'$!*$+" 1$/. ,$4B4 $;&%" () <4=I34 J)+()- " ()%//. !"%8/$ $/$0$)"! %'$ "#(!$ "#%"

%'$ !"%8/$ $1$) %" "#$ 0%6 0&0 *(!! 8/$ *('$ *'$!!&'$!7 "#%" B$)$'%//. +(''$!*()-

"( !%"&'%" () (2 "#$ $)" '$ !( / 0%)"/$4

52 !( / *'(*$'" $! %'$ +()!"%)"  ) !*%+$7 A()"B(0$'. %)- C $"' +# ,=DD?3 0(-$/

! 0&/%"$! "#$ &#.#/0'.1%" +()"'(/ () "#$ /(+%" () (2 !#%//(E /%)-!/ - )B4 N#$ !&+9

+$!! 1$ $)#%)+$0$)" "( "# ! 0(-$/ 8. O(!!( $" %/4 ,<PPI3  ! +%*%8/$ "( %++(&)"

2(' "#$ +(08 )$- $Q$+" (2 !"('0 -&'%" () %)-  )"$)! ".7  4$4 "( ! 0&/%"$ 1)$0#(#/%"

+()"'(/ () !#%//(E /%)-!/ - )B4

51$'!() ,<PPP3 *'(1 -$- %)  )! B#" (2 *#.! +%/ 0$+#%) !0 &)-$'/. )B /%)-!/ -$

"' BB$' )B 8. '% )2%//7 8%!$- () "#$ !(/&" () (2 *%'" +&/%' +%!$! (2 "#$ O +#%'-!R

$;&%" ()4

51$'!() ,<PPP3 %'B&$- "#%" !$/29+()"'%- +"('. '$!&/"! %'$ . $/-$- 8. &" / S )B %*9

*'(%+#$! 8%!$- () !/(*$ *%'%//$/ T(E %)- 0%!! +()!$'1%" () (2 B'(&)-E%"$'  ) %

!+#$0$ (2 T(E -(0% ) 8(&)-$- 8. %)  0*$'0$%8/$ 8$- %" -$*"# dLZ 7 !&+# %! "#$

0(-$/! U&!"  //&!"'%"$-4 N#&! 51$'!() ,<PPP3 *( )"! (&" "#%" 1$'" +%/  )M/"'%" ()7

0(-$/$- 8. O +#%'-!R $;&%" () 0%. 8$ %**'(*' %"$ 2(' &)-$'!"%)- )B !#('"9"$'0



 !" #$%&'()**%+,)&-. /0.-*&  1

 !"#$%"! $& '(! ()**"*$#! '$ ' +%")!%'  +)%&+**, )% $ -! '$ +""!"" (.- $*$/)0+* 0$%-)1

')$%" '(+' ' )//! *+%-"*)-!"2

300$ -)%/ '$ 45! "$%67778" 45! "$%6777 +%+*.")" '(! &$**$9)%/ '( !! '):! "0+*!",

$% 9()0( #(.")0+* # $0!"" /$5! %)%/ *+%-"*)-!" $#! +'!", :+. ;! -)"')%/<)"(!-=

• A{D0 +" '(! :)%):<: '):! "0+*! %!0!""+ . &$ !"'+;*)"(:!%' $& "'!+-. ;+0>1

/ $<%- 9+'! # !""< !" '(+' -!5!*$# +' px, y,Hq )%  !"#$%"! '$  +)%&+** +51

! +/!- $5! #! )$-" '(+' 0$::$%*.  +%/! & $: -+." '$ -!0+-!" ?*$%/1'! :

 !"#$%"!@2 A(!"! "'!+-. / $<%-9+'! # !""< !" )%B<!%0! '(! # $#!%")'. &$ 

*+%-"*)-)%/ +' px, y,Hq ;<' '(!. -$ %$' ' )//! "*$#! &+)*< !2

• H2{D0 +" + 0(+ +0'! )"')0 '):! +""$0)+'!- 9)'( ' +%")!%' #$ ! # !""< ! ' +%"1

:)"")$% -< )%/ +%- &$**$9)%/ "'$ :" ?"($ '1'! :  !"#$%"!@2 C+)*< !  !"<*'"

&$ :  +)%&+** $5! '()" '):! "0+*!, '(+' 0$::$%*.  +%/!" & $: :)%<'!" '$

:$%'("2

•

a

H{g +" '(! '):!"0+*! $% 9()0( #$"'1&+)*< ! *+%-"*)-! :$')$% $00< ", +%

+%$'(! ):#$ '+%' +"#!0' $& *+%-"*)-!  !*+'!-  !"!+ 0( ?0&2, !2/2 45! "$%, DEEFG

H

1
 !"#$ #% &'() *++,- .!/&$"$" #% &'() 011+2(

3"%4 !#5#!#$6# %7 %4# 677!8"$&%# 9:9%#/ px, y, zq "'';9%!&%#8 "$ <=;!#9 0(0 &$8
0(,) >"64&!89 ?*+,*2 #@;&%"7$ /&: A# B!"%%#$ &9 ?65() #(=(  !&9) *++12 C

Bψ
Bt

dθ

dψ
“ B

Bx

„

KLpψq
ˆBψ

Bx ´ sin δ
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˙

, ?0(*D2

"$ B4"64 ψ "9 =!7;$8B&%#! E!#99;!# 4#&8) θ "9 97"' F7';/#%!"6 B&%#! 67$%#$%) t "9
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˙

“ 0 ?0(*+2
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 !0 12/+)$3-()$*+ *4 5($+4('' /6/+),

B,!3:,)) %<%3+* 7!+.!3 , -23+!3#2#* D2;*%$<%5 2$ *03+.%+!-E +!/% *%$!%*> ,""$%@
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$%/2<% <%$0 )27 <,)#%* 2: 6$%-!6!+,+!23 !3 +.% *03+.%+!- +!/% *%$!%*' =3 6,$@

+!-#),$> ,66)!-,+!23 2: +.% ∆hmin +.$%*.2)5 !* 6,$+!-#),$)0 #*%:#) +2 <,)!5,+%



 !" #$%&'()*+'(,& ,- .+(&-+// %0%&'1  "

 
!
"
#
$
%
&
'
(
)
*
+
,
%
-
%
.
/
0
,
%
1
.
2
0
%
3
4
$
5
.
*
!
-
#
5
4
0
!
.
2
#
6
%
7
0
.
!
2
8
%
6
0
!
"
4
0
%
,
9
7
$
.
5
.
"
!
+
+
.
2
0
$
.
5
.
2
5
4
2
7
6
5
!
7
%
0
$
!
"
"
%
$
!
2
"



  !"#$% &'()" *+,-./')),01'-%2 -.34)'$."# 3%$+"2")"5,

 !" # $%!&# '% (&')*&++ ,$-"+. /"%&0#" $/#"(1"- #"('"# -$ !&1"  !'#  !("#!$+-.
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•  !" #"$%#& '"#()* )+ ,-&*.,(*" $#(//"#(&/ 0)#1 2)#" /"&"#-,,31 )+ - /(4"& ')#"

'#"..%#" )# +-5$)# )+ .-+"$367

•  !" *(#"5$ #",-$()&.!(' 8"$9""& #-(&+-,, "4"&$. -&* .,)'" .$-8(,($3 0#-(&+-,,

$!#".!),*6:

 ! !" #$%&'( )$'*+,

;"$%#& '"#()* (. *"<&"* -. $!" "='"5$"* 4-,%" )+ $!" (&$"#>-##(4-, $(2" )+ -

/(4"& "4"&$ )+ (&$"#".$:

?& $!" 5-." )+ ,-&*.,(*" 2)*",(&/1 2-(& (&$"#".$ (. )& $!" *"$"#2(&-$()& )+ $!"

#"$%#& '"#()* )+ FS ď 1: @A%(4-,"&$,31 $!" "4"&$ FS ď 1 2-3 8" "='#".."* -.

ψ ą ψcr1 9!"#" ψcr (. $!" ')#" '#"..%#" -$ 9!(5! 5)##".')&*. -& FS “ 1:

B)#" '#"..%#". -#" /"&"#-$"* -$ $!" .-2" $"2')#-, #".),%$()& )+ $!" (&'%$ #-(&>

+-,, ."#(". 0!)%#,36:

C$-$(.$(5-, -%$)>*"'"&*"&5" )55%#. 9($!(& .%5! - ."#(".1 8"5-%." $!" /"&"#(5

(&($(-, 9-$"# $-8," *"'$! dip0q (. $!" #".%,$ )+ -&$"5"*"&$ #-(&+-,,:
D"$ $!(. .$-$(.$(5-, *"'"&*"&5" (. (& 2-&3 5-.". ,(2($"* $) $!" !3*#),)/(5-, 3"-#:

E)# (&.$-&5"1 (& $!" F"*($"##-&"-& -#"-1 $!" .%22"# ."-.)& (. %.%-,,3 *#3 -&* ,)&/

"&)%/! $) 8#(&/ $) G"#) $!" .%#<5(-, 9-$"# $-8," !"(/!$ -$ $!" 8"/(&&(&/ )+ $!" #-(&3
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1 ´ F pψcrq
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5-##("* )%$ +)# - ,-#/" &%28"# )+ 3"-#.1 &) '-#-2"$#(5 *(.$#(8%$()& (. -..%2"* +)#
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!0 ;0 K3 A-(.( "!+(. #'( +(+%"# (+  ! #0 !/# %"#$$? F'% (  -( %,;0  (E S$(.

1!' A9NO98 G. !"-#. %"#$$? 2(,('# (+ '#%,1#$$ (*(, .K) "!$$("  -( !0 ;0 !1 /0$ %D

;$( .%/0$# %!,.) #,+ S,#$$? ;('1!'/  -( #,#$?.%. &'%(V? +(."'%&(+ %,  -( ;'(*%!0.

.(" %!,3



 ! "#$%& '()*# +,-./0(**-12(.&3 ./45*(%/#$ 4&%,#3#*#6-



 !

 !"#$%& '

 !"#$%&'()** +!(*$%,-.$/

0-.1!1 /$2%3$.. #)4!.

 !" #$%&'(')*$+ $%(*$,-

 ! "#!$ %$&'()(*+,#) -'(.)/"0 #!& '/)#1/& %#2#'& #!& '+030 #!#)$0+04 1%/ )/!*1%

(5 %+01('+,#) '/,('&0 (5 1%/ %$&'()(*+,#) 6#'+#.)/ (5 +!1/'/01 "#$ ./ +!078,+/!1 1(
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GD!&=+! .+&"%*$ '# ("!",+&+! +$&%,"&%'# '/ &=+ @2AB ,'.+*? "#. %# F+#+!"* '/

'&=+! &+,('!"* !"%#/"** ,'.+*$? "!+ F%H+# %# I)+-$+J+!" +& "*: 3KLMN7:
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 !"#$%& '

 !"#$%&#' ()&**')&"*

+,-$&.!%%-/0!$'# 12#'%&"*

 !" #$% #&'(&) *+,%-

 !"!" #$%&$'%(

 !"  #$%#& '()"* +,-.' "/ -*01 23341 23536 78 -9 ":"9/;<-8") 8=-/7-**>;)78/?7<./")

'()"* @(? /?-987"9/1 .98-/.?-/") 79A*/?-/7(9 -9) 8*(=" 8/-<7*7/> -9-*>8780

 #$%#& =?(B?-' C('=./"8 /?-987"9/ =(?";=?"88.?" C!-9B"81 -9) -//"9)-9/

C!-9B"8 79 /!" @-C/(? (@ 8-@"/>1 )." /( ?-79@-** 79A*/?-/7(90  !"  #$%#& =?(B?-'

.8"8 - 87'=*" 79A97/";8*(=" '()"* /( C('=./" @-C/(? (@ 8-@"/> (9 - C"**;<>;C"** <-8780

D(?7E(9/-* !"/"?(B"9"7/> 78 -CC(.9/") @(? <> -**(F79B '-/"?7-* =?(="?/7"81 ?-79@-**1

-9) (/!"? 79=./ :-*."8 /( :-?> @?(' C"** /( C"**0

 #$%#& 78 <-8") (9 -9-*>/7C-* 8(*./7(98 @(? #7C!-?)8G =-?/7-* )7H"?"9/7-* "I.-;

/7(9 /!-/ ?"=?"8"9/ (9";)7'"987(9-*1 :"?/7C-* J(F 79 :"?/7C-**>;78(/?(=7C -9) !('(;

B"9"(.8 '-/"?7-*80

K8 =./ 79 ":7)"9C" <> $:"?8(9 +233361 :"?/7C-* 79A*/?-/7(9 '()"*8 ?"=?"8"9/ -

B(() -==?(L7'-/7(9 (@ M;N '()"*81 7@ ?-/7( ε “ H{
?
A ! 10

O"?87(9 503 (@ /!" =?(B?-' +,-.' "/ -*01 233261 F-8 <-8") (9 /!" '()"* (@

$:"?8(9 +233361 -9) 7/8 "L/"987(9 @(? - A97/" <-8-* <(.9)-?> )"=/! <> +&-:-B"

"/ -*01 233M1 233P60 &":"?-* -==*7C-/7(98 (@ /!78 :"?87(9 (@ /!" =?(B?-' "L78/ +"0B0

&-*C7-?797 "/ -*01 233Q1 2334R S7' "/ -*01 235360

O"?87(9 2031 F!7C! 78 .8") !"?"1 78 <-8") (9 !>=(/!"8"8 *"88 ?"8/?7C/7:" /!-9 /!"

=?":7(.8 :"?87(90 #"@"?"9C" 8C!"'" @(? - 87'.*-/") !7**8*(=" C"** 78 8!(F9 79 Q050

$9 =-?/7C.*-?1 /!" #7C!-?)G8 :"?/7C-* 79A*/?-/7(9 "I.-/7(9 78 .8") F7/! - &(7*

T-/"? #"/"9/7(9 U.?:" +&T#U6 (@ /!" "L=(9"9/7-* />=" =?(=(8") <> %-?)9"?

+5VW460 ,"//"? -==?(L7'-/7(98 (@ A"*) '"-8.?"'"9/8 '-> <" -//-79") <> '(?" 8(;

=!78/7C-/") &T#U81 8.C! -8 /!" F"**;X9(F9 :-9 %"9.C!/"9 ; Y.-*"' '()"* +:-9

%"9.C!/"91 5V4360 D(F":"? 79 /!-/ C-8" 9.'"?7C-* 79/"B?-/7(9 78 ?"I.7?") /( 8(*:"



 ! "#$%&'(%) *+(,,)+($, -./&(0#''/12#&)% 34%)'($,

 !" #$%!&'()* "+,& $-./ 0!$1" 2-' &. "34-.". $&1 56#7 &.&18 $%&1 )-1, $-.) 0"'"

4'-9$("( :8 5'$9&) &9& &.( ;"! <=>>=?@ A!$) ('&) $%&118 ("%'"&)")  !" )$B,1& $-.

 $B"/ 0!$%! B&8 :" 4'-!$:$ $9"18 !$C! 2-' & .,B"'$%&1 B-("1 &441$"(  - & 0$("

&'"&@ A!$) ) &.()  '," ")4"%$&118 $2 -." 0&.  - ,)" !$C!D'")-1, $-. E$C$ &1 F1"D

9& $-. G-("1) <EFG? .-0&(&8) "&)$18 -: &$."( 9$& &$':-'." 1&)"' )0& ! B&44$.C

<HI5G?/  !& 8$"1(  - C'$( )4&%$.C) -.  !" -'("' -2 & 2"0 B" "')@ J&,B " &1@

<KL=L?  ") "( B-("1 %-B4, & $-.&1 4"'2-'B&.%") :8 %-B4&'$.C $ 0$ ! .,B"'$D

%&1 B-("1) M;E#N5=DE <5$B,."O " &1@/ KLLP? &.( Q5KER <I&44&1& " &1@/ =>PST

M)$"! " &1@/ KLLL?/ &.( -: &$."(  !& A#RU#5 B&8 :" VLDSL  $B") 2&) "'  !&.  !"

.,B"'$%&1 B-("1)/ 0!". &441$"( &  !" %& %!B". )%&1"@

A#RU#5 ,.)& ,'& "( 1&8"' %-B4, & $-.) 8$"1(/ $. &(($ $-.  - 4-'" 4'")),'")

ψpZ, tq &.( FSpZ, tq/  !" W,3 &  !" :&)" -2  !" ,.)& ,'& "( X-."/ 0!$%! $) ,)"( 2-'

%-B4, & $-.) $.  !" )& ,'& "( X-."@ R. 4&' $%,1&' & B&))D%-.)"'9& $-. "+,& $-./

 !& $.%1,(") & 1"&O&C"  "'B/ $) ,)"(  - ") $B& " 0& "'  &:1" '$)"@ A!".  !" 0"$C! 

&) B"&),'"( :8  !" %-B4, "( 0& "'  &:1" '$)" $) &441$"( &  !" $.$ $&1  -4 -2  !"

)& ,'& "( X-." &.( 4'")),'" !"&() &'" %-B4, "( ,)$.C 2-'B,1&) &(&4 "( 2'-B

&.&1-C-,) !"& DW-0 4'-:1"B) <7&')1&0 &.( Y&"C"'/ =>Z>?@

[-' & %-B41" " (")%'$4 $-. -2  !" A#RU#5 B-("1 &.( 4'-C'&B  !" '"&("' $)

'"2"'".%"(  - J&,B " &1@ <KLLP?@ A!" A#RU#5 9@K B-("1 %&. :" 2'""18 (-0.1-&("(

2'-B 0":)$ "  !"#$!#%#$%&'(&)(*++,(--./@ H441$%& $-.) &.( 2,' !"' (" &$1) &'"

'"4-' "( $. J&,B " &1@ <KL=L?@ M"'"&2 "'/ "+,& $-.) -2  !" B-("1 &.( B&$. (" &$1)

-.  !" 4'-C'&B &'" C$9"./ 2-'  !" %&)" -2 \.$ " :&)&1 :-,.(&'8 ("4 ! dLZ @

[$C,'" ]@=^ 5!&11-0 C'-,.(0& "' %-.($ $-.) $. !$11)$(" )-$1)@ H(&4 "( 2'-B J&,B

" &1@ <KL=L?



 !" #$% #&'(&) *+,%- ./

 !"!# $%&'()*)+ ',-./*%)0

 !" #$"%&'("$)'#$*+ ,#-( #, .!" /'0!*-&) "12*.'#$ &")0-'3'$4 '$5+.-*.'#$ *. .!"

4-#2$& )2-,*0" *$& 6"-.'0*+ 7#8 .!-#24! .!" 2$)*.2-*."& 9#$": '$ .!" 0*)" .!*. .!"

4-#2$& )2-,*0" ') .'+."& ;0,<: "<4< =-""9" *$& >!"--?: @ABAC ')D

Bθ
Bt “ B

BZ

„

Kpψq
ˆ

1

cos2 δ

Bψ
BZ ´ 1

˙

;E<@C

8!"-" Z ') .!" 6"-.'0*+ &#8$8*-& 0##-&'$*.": t ') .'(" θpZ, tq ') )#'+ 8*."- 0#$."$.:
ψpZ, tq ') F#-" F-"))2-": Kpψq ') !?&-*2+'0 0#$&20.'6'.? ;.!') ,2$0.'#$ -"F-")"$.)
.!" GH/>C *$& δ ') 4-#2$& )2-,*0" )+#F"<

 !" "IF#$"$.'*+ !?&-*2+'0 (#&"+ #, J*-&$"- ;@AKLC 0*$ 3" 2)"& .# +'$"*-'9"

"12*.'#$ E<@ *$& F-#6'&" *$ *$*+?.'0 )#+2.'#$ ,#- .-*$)'"$. '$5+.-*.'#$ .!-#24! .!"

2$)*.2-*."& 9#$"< M$)*.2-*."& 0#$&20.'6'.? (#&"+ #, ;J*-&$"-: @AKLC: 0#$)'&"-"&

*FF-#F-'*." ,#- 0#*-)"%4-*'$"& )#'+): '$ -"F-")"$."& 3? .!" ,#++#8'$4 "12*.'#$)D

Kpψq “ Ks"
αpψ´ψ0q

;E<NC

θ “ θr ` pθs ´ θrq"αpψ´ψ0q
;E<OC

8!"-" KS ') .!" )*.2-*."& !?&-*2+'0 0#$&20.'6'.?: α ') * F*-*("."- .!*. (*? 3"

#3.*'$"& 3? 5..'$4 "12*.'#$ E<O .# ("*)2-"& &*.*: ´ψ0 “ 1{α 0#'$0'&") 8'.! .!"
6"-.'0*+ !"'4!. #, .!" 0*F'++*-? ,-'$4" *3#6" .!" 8*."- .*3+" ;0,< 542-" E<@C: θr ')

.!" -")'&2*+ 8*."- 0#$."$. *$& θs ') .!" 8*."- 0#$."$. *. )*.2-*.'#$<

G23).'.2.'#$ #, "12*.'#$) E<N *$& E<O '$ '$.# .!" #$"%&'("$)'#$*+ 6"-)'#$ #, .!"

/'0!*-&)P "12*.'#$: +"*&) .# * +'$"*- F*-.'*+ &'Q"-"$.'*+ "12*.'#$ '$ KpZ, tq

α1pθs ´ θrq
Ks

B2K

BZ2
“ B2K

BZ2
´ α1

BK
BZ ;E<RC

8!"-" α1 “ α cos2 δ< >+#)"&%,#-( )#+2.'#$ .# .!') "12*.'#$ !*) 3""$ &"-'6"& 3?

G-'6*).*6* *$& S"! ;@AA@C<

 !"!1 2)0./-(./'3 4%)'

 !" -")F#$)" .# * 4'6"$ -*'$,*++ .'(" )"-'") IZptq ') 0#$)'&"-"&<  !" )"-'") ') *
)"12"$0" #, -"0.*$42+*- F2+)") #, '$."$)'.? InZ : "*0! ).*-.'$4 *. '$).*$. tn: n “
1, 2, ..., N *$& 5$')!'$4 *. '$).*$. tn`1: *$& 0*$ 3" "IF-"))"& *) IZptq “ Hpt ´
tnq ´Hpt´ tn`1q ,#- tn ď t ă tn`1: 8!"-" Hptq ') .!" T"*6')'&" )."F%,2$0.'#$D

Hptq “
"

1, ', t ě 0

0 ', t ă 0
;E<KC

U$ 4"$"-*+: *+)# * +#$4%."-( ;)."*&?%).*."C IZLT )2-,*0" ') .*V"$ '$.# *00#2$.<

IZLT 0*$ 3" *FF-#I'(*."& 3? .!" *6"-*4" F-"0'F'.*.'#$ '$ -"0"$. 8""V) #- (#$.!)

.!*. ') $""&"& .# (*'$.*'$ .!" '$'.'*+ 0#$&'.'#$)< W2" .# '.) ('$#- -"+"6*$0": '$ .!"

F-")"$. 8#-V .!') '. ') +". IZLT “ 0<



 ! "#$%&'(%) *+(,,)+($, -./&(0#''/12#&)% 34%)'($,

 !"#$%"#&&'"# "#&%!(&# )( *+# '(&,*'",*#- .!(# ψpZ, tq/ 0 ď Z ă du 0123 45'"#

6378 2!99!:& 2"!; #<',*)!( 63= &!9>#- 2!" ψ?

ψpZ, tq “ cos δ

α1

ln

„

KpZ, tq
Ks



` ψ0. 06368

@!9>)(5 #<',*)!( 63A B)#9-& *+# +B-",'9)1 1!(-'1*)>)*B KpZ, tq (##-#- )( *+# ,C!>#
#<',*)!( 6363

D( %,"*)1'9,"/ *+# )()*),9 1!(-)*)!( )&?

KpZ, 0q “ IZLT ´ pIZLT ´Ks#
α1ψ0q#´α1pdu´Zq; 063E8

:+)9# 2!" t ą 0?

KpZ, tq “
N
ÿ

n“1

Hpt´ tnqRKpZ, t´ tnq ´Hpt´ tn`1qRKpZ, t´ tn`1q, 063F8

)( :+)1+ RK )& *+# +B-",'9)1 1!(-'1*)>)*B %"!49# %"!-'1#- CB , "#1*,(5'9," +B#*!$

5",%+ IZptq “ IZ / t ą 0?

RKpZ, tq “ IZ ´ rIZ ´KS exppα1ψ0q expp´α1pdu ´ Zqq ´ 4pIZ ´ IZLT q

exp

„

α1Z

2



exp

„

´Dψt

4

 8
ÿ

m“1

sinrΛmα1pdu ´ Zqs sinpΛmα1duq
1 ` α1du

2
` 2Λ2

mα1du

expp´Λ2

mDψtq,

063G8

D( *+# %"#>)!'& #<',*)!( Dψ “ α1KS
θs´θr

)& , -#1,B 1!(&*,(*/ :+)9# *+# >,9'#& !2

Λm ,"# *+# %!&)*)># "!!*& !2 *+# 2!99!:)(5 %&#'-!$%#")!-)1 1+,",1*#")&*)1 #<',*)!(?

tanpΛα1duq ` 2Λ, 0637H8

:+)1+ )& (';#")1,99B &!9>#- )( IJDKJ@3

L& ",)( )(49*",*#&/ , M'N q ,* *+# C,&# !2 *+# '(&,*'",*#- .!(# 0Z “ du8 )&

%"!-'1#-3 I+)& M'N )& 5)>#( CB?

qpdu, tq “
N
ÿ

n“1

Hpt´ tnqRqpt´ tnq ´Hpt´ tn`1qRqpt´ tn`1q, 063778

:+#"# Rq )& *+# M'N %"!-'1#- CB , "#1*,(5'9," +B#*!5",%+ IZptq “ IZ ?

qpdu, tq “ IZ ´ 4pIZ ´ IZLT q exp
„

α1du

2



exp

„

´Dψt

4



8
ÿ

m“1

#

Λm sinpΛmα1duq
1 ` α1du

2
` 2Λ2

mα1du
exp

`

´Λ2

mDψt
˘

+

.

0637=8

O!";'9,& C,&#- !( O!'")#" &#")#& !2 #<',*)!(& 63G ,(- 637= 1!(>#"5# %!!"9B 2!"

#,"9B *);#& pDψt ą 0.05q3 D( *+)& 1,&# IJDKJ@ '&#& ;!"# &);%9# 2!";'9,& 0&##
P,'; #* ,93/ =H7H/ L%%#(-)N L83



 !" #$% #&'(&) *+,%-  "

 !"!# $%&'(%&)* +,-)

 !"# q $%&'( )* '+",-%.( /'-'01%('2 3,-'04-,)!' 0%2'5 %6 -7' ,1."(- .6 %(8!-0,-%($

3,-'0 0',97%($ -7' 3,-'0 -,)!' '#9''/2 -7' 1,#%1"1 ,1."(- -7,- 9,( )' /0,%('/

)* $0,&%-* ,- -7' -.: .6 -7' 2,-"0,-'/ ;.('<

=>?@>A 9.1:"-'2 1,#%1"1 0,-' .6 /0,%(,$'5 qZmax5 ,2

qZmax “ Kspβ ´ 1q. BC<DEF

G#9'22 H"#5 qZex5 %2 /'-'01%('/ )* -7' 6.!!.3%($ 6.01"!,2I

qZex “
"

0, %6 qpdu, tq ď cdpqZmax ´ IZLT q
qpdu, tq ´ cdpqZmax ´ IZLT q %6 qpdu, tq ą cdpqZmax ´ IZLT q BC<DJF

37'0' -7' H"# '#%-%($ 60.1 -7' ),2' .6 -7' "(2,-"0,-'/ ;.(' qpdu, tq %2 $%&'( )*
'+",-%.( C<DD ,(/ ,::0.#%1,-'!* '+",!2 -7' H"# 0',97%($ -7' 3,-'0 -,)!'< =. (.-'

-7,- qZmax´IZLT %2 "2'/ %( '+",-%.( C<DJ )'9,"2' %- %2 '#9!"/'/ 60.1 9.1:"-,-%.(

.6 -7' -0,(2%'(- H"#5 qpdu, tq<
=7' 1./'! ,22"1'2I

cd “
"

1, 6.0 -7' %(8(%-' /':-7 9,2'

0.1 6.0 -7' 8(%-' /':-7 9,2'

BC<DKF

=. )' (.-'/ -7,- cd “ 0 %2 9.(2%2-'(- 3%-7 , (.4H.3 )."(/,0* B,!! ),2,! /0,%(,$'

%2 :0'&'(-'/F5 )"- , &,!"' .6 cd “ 0.1 %2 ,22"1'/ )'9,"2' (,-"0,! ),2,! )."(/,0%'2

,0' "2",!!* !',L*< ?( 9,2'2 37'0' -7' 2,-"0,-'/ 7*/0,"!%9 9.(/"9-%&%-%'2 .6 -7'

9.!!"&%"1 ,(/ "(/'0!*%($ )'/0.9L ,0' L(.3(5 -7'%0 0,-%. 9."!/ )' 2")2-%-"-'/ 6.0

cd< ?- %2 ,(-%9%:,-'/ -7,-5 )'9,"2' -7%2 %(6.01,-%.( %2 (.- ,&,%!,)!' %( -7' 1./'!

,::!%9,-%.( :0'2'(-'/ ('#-5 %- %2 !'- cd “ 0.1<

=. 9.1:"-' -7' 3,-'04-,)!' 0%2' %( =>?@>A5 -7' '#9'22 H"# ,99"1"!,-%($ ,-

-7' -.: .6 -7' 9,:%!!,0* 60%($' %2 9.1:,0'/ -. -7' ,&,%!,)!' :.0' 2:,9' /%0'9-!* ,).&'

-7' 3,-'0 -,)!' .0 9,:%!!,0* 60%($' B2'' 8$"0' C<MF<

=7' '#9'22 H"# ,00%&%($ ,- -7' 3,-'0 -,)!' $%&'( %( '+",-%.( C<DJ %2 %(-'$0,-'/

("1'0%9,!!* 60.1 -%1' 0 -. t -. 9.1:"-' -7' &.!"1' .6 3,-'0 B:'0 :!,(4&%'3 "(%-

,0',F ,99"1"!,-%($ ,- -7' ),2' .6 -7' "(2,-"0,-'/ ;.('5 VAptq<
=7' &.!"1' .6 ,&,%!,)!' B8!!,)!'F :.0' 2:,9' %2 9.1:"-'/ ,2 , 6"(9-%.( .6 7'%$7-

,).&' -7' 3,-'04-,)!' .0 9,:%!!,0* 60%($'5 Vf pZ, tq5 )* %(-'$0,-%($ -7' 0'1,%(%($ ,%0
2:,9'5 θa “ pθs ´ θq5 60.1 -7' %(%-%,! -.: .6 -7' 9,:%!!,0* 60%($'5 du5 ": -. &,0%."2

'+",!!* 2:,9'/ 7'%$7-2 ,).&' -7' 3,-'0 -,)!'5 2"97 ,2 Zk ,(/ Zk`1 %( 8$"0' C<M<

N* 2")-0,9-%($ '+",-%.( C<E 60.1 θs5 "2%($ '+",-%.( C<M -. '!%1%(,-' '
αpψ´ψ0q

5 ,(/

%(-'$0,-%($5 -7' 0'2"!- %2

Vf pZ, tq “ pθs ´ θrqrdu ´ Z ` T pZ, tqs, BC<DCF

3%-7

T pZ, tq “ 1

Ks

ż Z

du

KpZ, tqdZ. BC<DOF



 ! "#$%&'(%) *+(,,)+($, -./&(0#''/12#&)% 34%)'($,

 !"#$% &'() *%$+!,-. /0!.12-+%$1,03+%3+ 4$05.%/ 6$07 +8% "$0#39 /#$6-,% 9023 +0 -3

-$:!+$-$; 9%4+8< Z< /802!3" +8% 2-+%$1+-:.%1$!/% -/ - $%/#.+ 06 !35.+$-+!03 =-6+%$

>-#7 %+ -.'< (?@?A

'

B3 5"#$% &'(< +8% $0#"8.; +$!-3"#.-$ -$%-/ :%+2%%3 +8% 2-+%$1,03+%3+ ,#$C% .-:%.%9

t1< +8% 9-/8%9 C%$+!,-. .!3% .-:%.%9 θs< -39 +8% 9-/8%9 80$!D03+-. .!3%/ .-:%.%9 Zk
0$ Zk`1 $%4$%/%3+ +8% C0.#7% Vf pZ, tq !3 %E#-+!03 &'@&'

 0$7#.-/ 60$ T pZ, 0q -39 T pZ, tq -$% 0:+-!3%9 :; !3+%"$-+!3" KpZ, 0q 6$07 %E#-1

+!03 &'F< -39 KpZ, tq{KS 6$07 %E#-+!03 &'G 2!+8 $%/4%,+ +0 Z< 6$07 du +0 Z =60$

%H4.!,!+ 60$7#.-/ +8% $%-9%$ 7-; $%6%$ +0 =>-#7 %+ -.'< (?@?AA'

I8% 2-+%$1+-:.% $!/% !/ 5$/+ :$-,J%+%9 :%+2%%3 +8% +20 3%-$%/+ 9%4+8/< Zk -39

Zk`1< -+ 28!,8 +8% -C-!.-:.% C0.#7% 8-/ :%%3 ,074#+%9< /#,8 +8-+ Vf pZk, tq ě
VAptq ě Vf pZk`1, tq -39 +8%3 %/+!7-+%9 :; .!3%-$ !3+%$40.-+!03 :%+2%%3 Zk -39

Zk`1 =5"#$% &'(A' >%,-#/% 06 +8% /.04% 06 +8% 2-+%$ ,03+%3+ ,#$C%< +8% 7%+809

0#+.!3%9 7-; /.!"8+.; 0C%$%/+!7-+% +8% -,+#-. $!/% 06 +8% 2-+%$ +-:.%< ∆h' I8%

%$$0$ ,-3 :% $%9#,%9 :; $%9#,!3" +8% 9%4+8 !3,$%7%3+< Zk`1 ´ Zk'

K3,% +8% 2-+%$1+-:.% $!/% hn !/ ,074#+%9 -+ - "$!9 ,%.. 60$ +!7% !3,$%7%3+ n< !+/

2%!"8+ !/ -44.!%9 -+ +8% !3!+!-. +04 06 +8% /-+#$-+%9 D03% +0 ,074#+% +8% 4$%//#$%

8%-9)

ψpZw, tq “
N
ÿ

n“1

ψhnrHpt´tnqRψpZw, t´tnq´Hpt´tn`1qRψpZw, t´tn`1qs, =&'@GA



 !" #$% #&'(&) *+,%-  .

 ! "# $#%

RψpZw, tq “ ψhn

#

1 ´ 4

π

8
ÿ

m“1

p´1qm´1
1

2m´ 1
exp

„

´p2m´ 1q2π2D1t

4d2LZw



cos

„

π

2
p2m´ 1q

ˆ

Zw

dLZw
´ 1

˙

&'()*+

,! -#. /01- .230- 4! ψhn  1 -#. 56.1136. #.07 0- 7.5-# 48  ! - 0/ "0-.6 -09/. 0- -#.

n-# - :. 1-.5 0!7 dLZw “ dLZ ´ d(

 !"!# $%&'()*(+,%- ./%,0- *%1 2',3 .,/(+%4

,!;/-60- 4! 0- .0$# $.//< I<  1 $4:53-.7 01 -#. 13: 48 -#. 56.$ 5 -0- 4! 60-. P

5/31 0!= 63!4> 864: 351/45. $.//1< Ru? " -# -#. / : -0- 4! -#0-  !;/-60- 4! $0!!4-

.@$..7 KS %

I “ P `Ru,  8 P `Ru ď KS 46 &'(AB+
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C- .0$# $.// "#.6. P `Ru .@$..71 Ks -#. .@$.11  1 $4!1 7.6.7 63!4>< Rd< 0!7  1

7 D.6-.7 -4 07E0$.!- 74"!1/45. $.//1( F 1-6 93- 4! 0:4!G 74"!1/45. G6 7 $.//1 $0!

9. 0$$4:5/ 1#.7 31 !G 1.D.60/ ". G#- !G 80$-461 846 63!4> 7 1-6 93- 4! &1.. H03:
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1#43/7 9. /4!G .!43G# -4 O4" -4 07E0$.!- $.//1(
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R0$-46 48 108.-=  1 ;!0//= $4:53-.7 " -# -#. 84//4" !G 846:3/0 &$8( 1.$- 4! A(J+%

FSpZ, tq “ tanφ1

tan δ
` c1 ´ ψpZ, tqγw tanφ1

γSZ sin δ cos δ
, &'(AS+

"#.6. 1=:94/1 06. 01  ! 1.$- 4! A(J(

,! -#. $01. 48 ;! -. 9010/ 943!706= 7.5-# &-#. 4!. $4!1 7.6.7  ! -# 1 1-37=+<

-#. : ! :3: 80$-46 48 108.-= & (.( :0@ :3: 546.P56.1136.+  1 0- Z “ dLZ ( T4!P
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%#1$ &$+ -'1," -%&*#'#%5 (#%! %!"  67869 21+"':

7$ 1)+") %1 "-%#2&%" -/0! #$#%#&' 01$+#%#1$; %!"  67869 21+"' #- #$%"<)&%"+
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 !" &+1,%"+ = 621+"' #- *&-"+ 1$ %!" 1$" *5 61--1 "% &': >ABBC?; +"-0)#*"+ #$

A:D: E1) +)5 ,")#1+-; #:": (!"$ %!" ,)"0#,#%&%#1$ )&%" p “ 0; %!" 2&--4 01$-")F&%#1$

"./&%#1$ A:G -#2,'#3"- &- H1''1(-I

BhKS sin δ “ ´Aθs
dh
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. >C:AJ?

(!")" !")" t “ 0 &% %!" end 1H %!" -%1)2:

 !#- "./&%#1$ !&- %!" H1''1(#$< -1'/%#1$I

hptq “ hp0q exp
ˆ

´BKS sin δ
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˙
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 !" #$#%#&' 01$+#%#1$ H1) %!" = 6 21+"' hp0q 2&5 #- %&K"$ H)12  67869: 7H

ψpdLZ , tf q #- %!" ,1)" ,)"--/)" &% *&-&' *1/$+&)5 &% %!" "$+ 1H %!" -%1)2 "F"$% -#24
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0"'' 1H & +)&#$&<" *&-#$:

=#%! %!"-" &--/2,%#1$-; "./&%#1$ C:AC *"012"-I
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TPR “ TP
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; C&'2QH
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N
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Q1;A% ?##5 (%:(#51,A;#0 #D &#&%0A@ D#( A7% A;&%@ @,/<%@ ;0 '%AC%%0 A7% #0%@ 1@%5

D#( ,/<;'(/A;#0!

9&#0? A7% A%0A/A;$%@ 5#0%3 A7% D#<<#C;0? @%A #D &#&%0A@ (%@1<A%5 &#@A @1;A/'<%U

γp1q, φp1q, φDDp1q, φWW p1q, µp24q, γp24q, φp24q!
B# '% 0#A;,%5 A7/A /,,#10A;0? D#( φp1q, φDDp1q, φWW p1q ;@ (%5105/0A3 '%;0?

A7%& (%</A%5 '2 %Q1/A;#0 8!SV! 9@ #'@%($%5 '2 IL#C:%(AC/;A %A /<!3 STT=K A7;@ ;@

A7% @/&% A# ?;$% @#&% %NA(/ C%;?7A A# &/A,7 A7% 5(2 @:%<< @%Q1%0,%@!

G%@1<A@ #D A7% ,/<;'(/A;#0 /(% @7#C0 ;0 A/'<%@ W!XX /05 W!XXX! B7% R%;'1<< 5;@>

A(;'1A;#0 C/@ ,7#@%0 A# &#5%< (/;0D/<< ;0A%0@;A;%@3 C;A7 / ON%5 $/<1% #D b “ 0.63

C7;,7 @%%&%5 A# '% A7% &#@A /::(#:(;/A%3 /DA%( /0 %N:#0%0A;/< 5;@A(;'1A;#0 IC7;,7

,#((%@:#05@ A# b “ 1K (%@1<A%5 10/'<% A# &#5%< :%/Y@ %N7;';A%5 '2 A7% #'@%($%5

@%(;%@!

G%</A;$%<2 7;?7 $/<1%@ C%(% #'A/;0%5 D#( A7% ν :/(/&%A%(! 4(#& / :72@;,/<

@A/05:#;0A3 A7% 01&'%( #D (/;0 ,%<<@ :%( @A#(& &/2 '% '#105%5 A# / <#C%( $/<1%

#D A7% #0% #'A/;0%5 I,D!3 %!?!3 L#C:%(AC/;A %A /<!3 STT=3 1A;<;Z%5 A7% '#105 ν ď 20K!

[#C%$%(3 #A7%( (%@%/(,7%(@ 7/$% #'A/;0%5 D(#& ,/<;'(/A;#0 %$%0 7;?7%( $/<1%@ D#(

A7;@ :/(/&%A%( I,D!3 %!?! \'%2@%Y%(/ %A /<!3 STVWK!
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 !"#$%!&#'( )*%+'%,!(-*./ !. ,*!.0%*1 $2 &3* '$4*-&#5* +0(-&#'(/ !%* 6'%.* +'%

&3* '(*7,'(&3 .*!.'( '+ 8*-*,$*% !(1 $*.& +'% &3* ,'(&3. '+ 9*)&*,$*% !(1

:-&'$*%; &3#. ,!2 $* .',*3'6 %*"!&*1 &' &3* +!-& &3!& &3* .!,* 5!"0* '+ &3* b

)!%!,*&*% 6!. !1')&*1 +'% !"" .*!.'(. #( -'(40(-&#'( 6#&3 &3* +!-& &3!& 8*-*,$*%

#. ,'%* %!#(2 $0& 6#&3 "*.. !--*(&0!&*1 )*!<.=>3* "'6*% )*%+'%,!(-*. +'% &3* &3%**7

,'(&3. .*!.'( ?!(0!%27@!%-3/ ,!2 $* A0#&* *B)*-&*1 +'% &3* '$5#'0. %*!.'( &3!&

,'%* ,'(&3./ &3!& ,!2 #(-"01* ,'%* 3*&*%'C*(*#&2 '+ 1!&! -3!%!-&*%#.&#-./ !%*

,'1*"*1 6#&3 40.& '(* .*& '+ )!%!,*&*%.=

D%', &3* &!$"* #& -!( !".' $* ('&#-*1 3'6 &3* )!%!,*&*%. %*"!&#5* &' &3* .*!.'(

9*)&*,$*%7:-&'$*% !%* .#C(#E-!(&"2 1#F*%*(& +'%, &3* '&3*% &3%** .*!.'(. !,'(C

63#-3 .#C(#E-!(& 1#F*%*(-*. *B#.& $0& !%* ('& .' !--*(&0!&*1= G( +!-&/ %!#(+!"" #(

9*)&*,$*% !(1 :-&'$*% .**,. &' 3!5* 1#.&#(-& *B&%*,* -3!%!-&*%#.&#-./ $*#(C &3*.*

,'(&3. &3* '("2 '(*. +'% 63#-3 "!(1."#1*. 6*%* '$.*%5*1 #( &3* "!.& 2*!%. H*B-*)&

+'% '(* 1!&*I J @!%-3 KLJJM=

D#C0%*. N=K &' N=O &3* ,',*(&. 5.= !CC%*C!&#'( &#,* .-!"* )"'& 0.*1 +'% $*.&

-!"#$%!&#'(/ !. ,*(&#'(*1 $*+'%*= P".' ! 5*%#E-!&#'( '+ &3* -'%%*-& .#,0"!&#'( '+

&3* ,'1*" $2 &3* 1*5*"')*1 .'+&6!%* #. 1*,'(.&%!&*1 $2 &3'.* EC0%*./ $2 &3*

.0)*%#,)'.#&#'( '+ &3* .!,* )"'&. %*"!&#5* &' &3*'%*&#-!" ,',*(&. -',)0&*1 $2

+'%,0"!. O=JL 7 O=JQ !(1 %*"!&#5* &' ! KLL72*!%. "'(C .2(&3*&#- %!#(+!"" .*%#*.=

R''1 %*)%'10-&#'(/ !& !"" &#,* .-!"*./ '+ &3* &3%** ,'.& #,)'%&!(& .&!&#.&#-./

µ, γ !(1 φ -!( $* ('&#-*1 +%', &3'.* )"'&.= P".' &3* "!C7J !0&'-'%%*"!&#'( #.

A0#&* 6*"" %*)%'10-*1/ *5*( &3'0C3 #& 3!. ('& $**( !--'0(&*1 +'%= >3#. ,!2 $*

10* &' &3* )%*.*(-* '+ S*%'. &3!& ,!#("2 -'(&%'". &3* !0&'-'%%*"!&#'(/ !(1 &30.

&3!& C''1 ,'1*"#(C '+ φ #,)"#*. C''1 ,'1*"#(C +'% ρph, 1q= T*&/ ρph, 1q &'C*&3*%
6#&3 &%!(.#&#'( )%'$!$#"#&#*. φWW 3!5* ! &%*(1 &3!& 1*)!%&. 0)6!%1 +%', &3*

)"'&. %*"!&#5* &' &3* '$.*%5*1 .*%#*. H&3#. '--0%. #( "*.. ,*!.0%* +'% &3* 9*)&*,$*%7

:-&'$*% .*!.'(M= >3#. <#(1 '+ &%*(1 #( !0&'-'%%*"!&#'( 3!. 3'6*5*% $**( '$.*%5*1

#( %*!" &#,* .*%#*. H-+=/ *=C=  !"*(1! !(1 U!)'"#&!('/ JQQQ/ EC=JV/ 63*%* ρph, 1q
#(-%*!.*. 63*( C'#(C +%', ! JL &' ! KL 3'0%. !CC%*C!&#'( .-!"*M/ !(1 &30. 1'*. ('&

%*)%*.*(& ! )32.#-!""2 0(%*!"#.&#- $*3!5#'%= >3#. #. !".' &%0* %*"!&#5*"2 &' φWW / +'%

63#-3 &3* #(-%*!.#(C &%*(1 #. )%*.*(& .',*&#,*. !".' #( &3* D#0,*1#(#.# %!#( .*%#*.

H-+= N=OM

>!$"* N=GGI W*.0"&. '+ U9WX -!"#$%!&#'(

X!%!,*&*% ?!(/D*$/@!% 9*)&/:-& U'5 8*-

λr3´1s L=LLKKQO L=LKJJQO L=LLJYZO L=LLVJZO

ν YY=KZ J=ON YK=YJ YK=[J

βr3´1s L=LJLJ[J K=JJNQ L=LLOQOOJ L=LLQZN[L

ηr3´1s L=NKJJV L=ZVQQQ L=QYLOV L=[NNVO

ξr3b{mmbs J=JVYYJ L=Y[K[L L=[QK[J J=LVOKJ

S L=LJVN L=LLJZ L=LLVN L=LJ[[
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 !"!# $%&'( )*(+&*,+%-

 ! "##$%$&! %& %'( )*&%+ &, -./0(+ 123 4 1256 7'$8' "*+& 0()0(+(!% " 9"*$#"%$&! %(+%

,&0 %'( :&#(*6 :&#(* )(0,&0:"!8( 7"+ %(+%(# "."$!+% %'( 8")";$*$%< %& 0()0&#/8(

8'"0"8%(0$+%$8+ %'"% "0( $:)&0%"!% 7$%' 0(+)(8% %& %'( )&%(!%$"* &, 0"$!,"** (9(!%+

%& %0$..(0 *"!#+*$#(+2

 ! )"0%$8/*"06 0()0&#/8%$&! &, %&%"* (9(!% 8/:/*"%$9( 0"$!,"** Wtot "!# %&%"*

(9(!% #/0"%$&! Dtot 7"+ $!9(+%$."%(# =+(( #(-!$%$&!+ &, %'(+( 9"0$";*(+ $! -./0( >2

 % :"< ;( 7&0%'7'$*( %& !&%$8( %'"% %'&+( 8/:/*"%$9( 0"$!,"** "!# #/0"%$&! "0(6

&;9$&/+*<6 #$?(0(!% ,0&: %'( &!(+ 0(*"%$9( %& %'( $!+%"!% &, $!8$)$(!% ,"$*/0(6 $2(2 %'(

&!(+ )*&%%(#6 ,&0 $!+%"!8(6 %& #(9(*&) "!# (:)$0$8"* I ´D :&#(*2

@&0 %'( "!"*<+$+ %'( ,&**&7$!. )"0":(%(0+ &, 0"$!,"** (9(!% +()"0"%$&! =+(( +(8%$&!

,&0 #(-!$%$&!+> 9"*/(+ '"9( ;((! "++/:(#A ∆hmin “ 0.2 ::6 ∆tmin “ 24 '6

Wmin “ 35 ::6 ∆ta “ 6 '2 B'(+( (9(!% +()"0"%$&! 7"+ "))*$(# %& ;&%' %'(

+$:/*"%(# "!# %'( &;+(09(# +(0$(+2 C&0(&9(0 ,&0 %'( &;+(09(# +(0$(+6 %'( "*:&+%4

#0< +("+&!+ =:&!%'+ ,0&: D)0$* %& D/./+%> '"9( ;((! "++/:(# &, E(0& )0(8$)$%"%$&!2

F&/0*< 0"$!,"** '"+ ;((! 8&!+$#(0(# ,&0 %'(+( "!"*<+(+2

B'( GHHH4<("0+ *&!. +<!%'(%$8 +(0$(+6 /+(# $! %'( C&!%( I"0*& +$:/*"%$&!6 '"+

;((! /+(# %& %(+% %'(+( J$!# &, )(0,&0:"!8(+6 ;< 8&:)"0$!. %'( ;('"9$&0 &, K4<("0+

*&!. +(0$(+ (L8(0)%(# ,0&: %'( GHHH4<("0+ +<!%'(%$8 +(0$(+ =%&%"* &, GGG +(0$(+> 7$%'

%'( &;+(09(# @$/:(#$!$+$ #"%"6 &, "*:&+% K4<("0+ *(!.%' %&&2  ! )"0%$8/*"06 %'(

,&**&7$!. "!"*<+(+ '"9( ;((! 8&!#/8%(# &! Wtot "!# DtotA

• I&:)"0$+&! &, %'( (:)$0$8"* 8/:/*"%$9( ,0(M/(!8< :"0.$!"* #$+%0$;/%$&!+ =-.4

/0(+ 12N "!# 121>O

• I&:)"0$+&! &, *$!("0 8&00(*"%$&! ;(%7((! %'( *&."0$%':+ &, Itot “ Wtot{Dtot

"!# Dtot "!# &, %'( $!%(08()% "!# +*&)( &, *$!("0 0(.0(++$&! ;(%7((! %'(+(

%7& 9"0$";*(+ 12P2

 ! -./0(+ 12N "!# 121 %'( 8&*&0(# "!# 8&!%$!/&/+ *$!(+ 0()0(+(!% 8/:/*"%$9( ,0(4

M/(!8$(+ &, %'( GGG +$:/*"%(# K4<("0 +(0$(+2 Q&&# 0(+/*%+ 7(0( &;%"$!(# ,&0 %'(

8/:/*"%$9( (9(!% 0"$!,"** ItotA %'( )*&% ,&0 %'( +":)*( =;*"8J #&%%(# *$!(> $+ (!%$0(*<

7$%'$! %'( 0(.$&! +)"!!(# ;< %'( 8/09(+ 0(*"%$9( %& %'( +<!%'(%$8 +(0$(+2 R&0+(

0(+/*%+ 7(0( &;%"$!(# ,&0 %'( #/0"%$&!A %'( +":)*( '"+ " *&7(0 #$+)(0+$&! &, "**

%'( +<!%'(%$8"**<4.(!(0"%(# 8/09(+6 +'&0% #/0"%$&!+ "0( :&0( )0&;";*( "!# *&!.

#/0"%$&!+ "0( *(++ )0&;";*(2 F&7(9(06 %'( 0(+/*% +((:+ %& ;( "88()%";*(2

 ! -./0( 12P6 %'( ;&L )*&%+ ,&0 %'( 0(+/*%+ &, %'( GGG +(0$(+ "0( 8&:)"0(# 7$%'

%'( &;+(09(# +(0$(+ =0()0(+(!%(# ;< %'( ;*/( 8$08*( $! ("8' )*&%>2 C&0(&9(06 $! %'(

-./0( ("8' .0((! )&$!% $+ 0()0(+(!%"%$9( &, &!( K4<("0 *&!. +$:/*"%$&!2

B0(!# &, 8&00(*"%$&! $+ 7(** 0()0&#/8(# "+ #(:&!+%0"%(# ;< %'( 0(.0(++$&! $!4

%(08()% "!# +*&)( )*&%+6 %'&/.' %'( *$!("0 4 8&00(*"%$&! $+ +$.!$-8"!%*< '$.'(0 $!

:".!$%/#( =!(."%$9( 9"*/(+> ,&0 %'( :&#(*(# +(0$(+ $! 8&:)"0$+&! %& %'( &;+(09(#

+(0$(+6 ";&/% ´0.75 "."$!+% ";&/% ´0.902 B'$+ :"< ;( (L)(8%(# $! " 8(0%"$! +(!+(6

#/( %& %'( ,"8% %'( 0("*$%< =&;+(09(# +(0$(+> $+ :&0( 8&:)*$8"%(# %'"! :&#(*4)0&8(++2

 ! 8&!8*/+$&!6 %'( :&#(*6 "*%'&/.' $:)0&9";*(6 +((:+ +/$%";*( ,&0 0"$!,"** +$:4

/*"%$&! 7$%'$! %'( 8&!%(L% &, %'( $**/+%0"%(# C&!%( I"0*& "))0&"8' ,&0 %'( "!"*<+$+
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#)'"!$>2(%)' &2"! /) !1" /27 &! /)$! #)'"!$>2(%>! (52' >!$(%#21 %';1($2(%)'

/) !1" "0#5 2" GJSZJ. A#4+ W20/ !( 21+? CB-BE+ S' 42#(? (5! %'#$!2"! )4 (5! L21"!9

:)"%(%>! $2(! "!!/" ')( &212'#! &7 %'#$!2"! )4 (5! G$0!9:)"%(%>! $2(! )&"!$>! 4)$

(5!"! /) !1"? 2" $!"01(" 4$)/ (5! :$!#%"%)' %' %#2()$? "5)8' %' (2&1! *+V? 85%#5 %"

"%3'%;#2'(17 1)8!$ (52' (5! )'!" )&(2%'! 8%(5 &)(5 GJSZJ. >+ C 2::1%#2(%)'"+
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 !"#$% &'()* +,!-!./ 0%-,%11 "$!2 34$ -5% (
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67-48%$ 9::; %<%,- 1!=#/.-!4,
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 !"#$ %&'( )*+,!-./*0 *1 +*2$# ,$-1*-+!03$ 4.56 -$/7#5/ *1 #.5$-!57-$

8*2$# 9)) :;<

 ;=>;? @ A ;B C*3* D&EF D&GF

 ;=>;?B 87#.H5$* IJ!7+ $5 !#&B KDLDM D&EG D&GG
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TRIGRS + WTR @ Loco

TRIGRS @ Mulikteo (Baum et al., 2010)

Model of Rosso et al. 2006 @ Metmann Ridge 

Model of Montgomery and Dietrich, 1994 @ Metmann Ridge

 !"#$% &'(&) *+,%- .%$/+$0123% !2 4%$05 +/ 678 12, 3+0.1$!5+2 9!4: 5+0% $%5#-45

+/ -!4%$14#$% ;5%% ,%53$!.4!+25 !2 4%<4=



 ! "##$%&'(%)* () +)&) &'(&,-.*( %* (,. /.$)0%('*% 1)2*('%*34 5('$6

 !" #$$%&'()&*+, *- )./ 0*+)/ 1(2%* $.3,&'(%%345(,/6

($$2*('.

 !"#$%&'()!* +"),( &- (./'0)$.&! 1"," 2",-&,/"*3 -&, ) *.(4,"$.5)$.&! &- (0&2"( δ

6$& 1%.4% 4&,,"(2&!* '!.7'" 8)0'"( &- *"2$% dLZ9 )!* !'/:", &- *,).!"* 4"00( Nd
6&, "7'.8)0"!$0+ '2(0&2" 4&!$,.:'$.!; ),")( A “ 4Nd /

2
9< =! 2),$.4'0),3 $%" (0&2"

1)( *.(4,"$.5"* 1.$% ) .!$",8)0 &- >3 δ “ 300, 350, 400, 450
)!* >?3 1%.0" $%" 8)0'"(

Nd “ 5, 10, 25 61%.4% 4&,,"(2&!* $& A “ 20, 40 )!* 100 /2
9 1"," 4&!(.*","*< @&

4&8", $%" ,)!;" &- 8)0'"( 2,"("!$ .! $%" 4)$4%/"!$ ,"('0$( 1"," $%"! .!$",2&0)$"*

)!* "A$,)2&0)$"* )( 0)$", *"(4,.:"*<

 !"!# $%&'() *%(+,- %.&+/0&+,)

@%" B&!$" C),0& /"$%&*&0&;+ )00&1( $& *"$",/.!" ,"$',! 2",.&* &- /)A./'/ 2&,"

2,"(('," )!* &- /.!./'/ -)4$&, &- ()-"$+<

D"4)'(" &- $%" /"/&,+ 2,"("!$ .! $%" (+($"/3 1%.4% .( )44&'!$"* -&, :+ $%"

E@F /&*"03 2&," 2,"((',"( )!* -)4$&,( &- ()-"$+ %)8" ($)$.($.4)0 *"2"!*"!4"< @%"

2,"("!4" &- ) 0&!; ('//", *,+ (")(&! %&1"8", )00&1( $& 4&!(.*", $%.( ($)$.($.4)0

*"2"!*"!4" 0./.$"* $& $%" 8)0'"( 1.$%.! )! %+*,&0&;.4)0 +"),3 )( .$ .( ('G4."!$ $&

:,.!; 1)$", $):0" %".;%$( $& 5",&3 "8"!$ -&, ,"0)$.8"0+ %.;% 8)0'"( &- Nd3 -&, 1%.4%

$%" /"/&,+ .( 8",+ %.;%< H"!4"3 ,"$',! 2",.&*( %)8" :""! *"$",/.!"* 4&!(.*",.!;

)!!')0 /)A./) &- $%" 2&," 2,"(('," ψ &, )!!')0 /.!./) &- FS )$ *"2$% dLZ 6(""

("4$.&! I<I<J<

F"('0$( &- ('4% )! )!)0+(.( )," (%&1! .! K;'," L<JM3 -&, $%" )00 8)0'"( &- δ )!*

Nd &- $%" *.(4,"$.5)$.&!<

D"4)'(" 2&," 2,"((',"( )," :&'!*"* :+ $%" ()$',)$.&! 8)0'" ψsat “ dLZ cos2 δ3

$%"," .( ) K!.$" 2,&:):.0.$+ )((&4.)$"* 1.$% $%" 8)0'" &- ψsat )!* ,"$',! 2",.&*

.( '22", :&'!*"*3 )( &!" /)+ !&$.4" -,&/ $%" 20&$( &- L<JM 6$%.( .( /&," "8.*"!$

-&, %.;% (0&2" 8)0'"( )!* /&," 1%"! )0(& Nd .( %.;%9< =! -)4$3 ,"$',! 2",.&* /)+

)22,&)4% .!K!.$+ -&, ψsat3 .! $%" 4)(" &- 0&1 Nd )!* %.;% *"2$% dLZ < N0(&3 -,&/

$%" 20&$( &- ,"$',! 2",.&* &- /)A 2&," 2,"((',"3 .$ 4)! :" !&$.4"* %&1 (0&2" )O"4$(

0.$$0" ,"$',! 2",.&* &- ) ;.8"! 2&," 2,"(('," 1.$%.! $%" ,)!;" ψ “ 0 ´ 0.5<

=! &,*", $& /)2 ,"$',! 2",.&* &! ) 4"00 :)(.(3 $%" ,"('0$( P'($ .00'($,)$"* %)8"

:""! .!$",2&0)$"* )!* "A$,)2&0)$"* $& *",.8" ) -'!4$.&! TRpFS “ 1q “ TRpδ,Ndq<
QA$,)2&0)$.&! /)+ ,"(2"4$ $%" 4&!*.$.&! TR Ñ 8 -&, δ Ñ δus< N$ $%" ()/"

$./" $%" -'!4$.&! (%&'0* 2)(( -&, $%" 2&.!$( *",.8"* *.,"4$0+ -,&/ (./'0)$.&!<

N! %&/&;,)2%.4 -'!4$.&! &- $%" $+2"

β1δ`β2

δ´δus
1%.4% %)( ) 8",$.4)0 )(+/2$&$"

-&, δ Ñ δus3 *&"( !&$ 2,&8.*" ) ;&&* )22,&A./)$.&! &- $%" (./'0)$.&! ,"('0$( 6.$ .(

)0(& '!):0" $& 2)(( $%,&';% /&," $%)! $1& 2&.!$(9<

@%" -&00&1.!; 2,&4"*'," ()$.(K"( $%" "A2,"(("* *"(.*",)$) -&, .!$",2&0)$.&! #

"A$,)2&0)$.&!3 %)( :""! -&00&1"*R

@%" 7')!$.0" -'!4$.&!( &- 2&," 2,"(('," Qψpδ,Ndq : r0 1s Ñ r0 ψsats %)8"
:""! .!$",2&0)$"* 0.!"),0+ 1.$%.! $%" *&/).! δ ˆNd “ r300 500s ˆ r5 25sR
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Qψpδ,Ndq “ wNd,1pNdqrwδ1pδqQψpδ1, Nd,1q ` wδ2pδqQψpδ2, Nd,1qs  !"#$

` wNd,2pNqrwδ1pδqQψpδ1, Nd,2q ` wδ2pδqQψpδ2, Nd,2qs

%&'(' δ1 ď δ ă δ2) Nd,1 ď Nd ă Nd,2) wNd,1 “ Nd´Nd,1
Nd,2´Nd,1

) wNd,2 “ Nd´Nd,2
Nd,2´Nd,1

)

wδ1 “ δ´δ1
δ2´δ1

*+, wδ2 “ δ´δ2
δ2´δ1

.

-.*+/01' 2.+3/04+5 QFS 24( 2*3/4( 42 5*2'/6 FS 3*+ 7' ,'(08', 2(49 Qψ 76

/(*+524(90+: /&' 2.+3/04+ 8*1.' %0/& ';.*/04+ <"=>" ?@/(*A41*/04+ 24( 514A'5 0+

/&' δ 0+/'(8*1 rδus 300s %*5 34+,.3/', 34+50,'(0+: δ1 “ δ2 “ 300
0+ ';.*/04+

!"=" ?@/(*A41*/04+ 0+ /&' Nd 0+/'(8*1 r0 5s %*5 3*((0', 4./ 34+50,'(0+: Nd,1 “
Nd,2 “ 5) %&01' 24( Nd ą 25) QψpNd,2q “ dLZpδq1Ap1q) %&'(' 1A “ 1 02 p “
1, *+, 1A “ 0 4/&'(%05') 2(49 %&03& 34(('5A4+,5 /4 Nd,2 Ñ `8  9'94(6 05 54

&0:& /&*/ 5401 05 *1%*65 2.116 5*/.(*/',$"

B&05 A(43',.(' 1'*,5 /4 /&' 3.(8'5 42 C:.(' !"#D" E(49 /&' 3.(8'5 0/ 3*+ 7'

+4/03', /&*/ +.97'( 42 Nd 42 3'115 50:+0C3*+/16 *F'3/5 ('/.(+ A'(04,) /&*/ ,(*5/03*116

,'3('*5'5 :40+: 2(49 Nd “ 5 /4 Nd “ 25"

B&' 9*A 42 ('/.(+ A'(04, 42 3'11 2*01.(') ('5.1/0+: 2(49 *AA103*/04+ 42 /&' G4+/'

H*(14 9'/&4,) 05 5&4%+ 0+ C:.(' !"=I"

H4970+0+: 0+24(9*/04+ 2(49 /&' 9*A *+, ,'A/& dLZ 9*A) /4/*1 841.9'5 *5J

5430*/', %0/& 3'11 2*01.(' *5 * 2.+3/04+ 42 ('/.(+ A'(04, %'(' ,'(08',) 0+ 4(,'( /4

56+/&'/03*116 ('A('5'+/ ('5.1/5 42 /&' 9*A 42 C:.(' !"=I" K'50,'5) * 3.(8' 10L' /&05

9*6 7' .5'2.1 24( ,'50:+ 42 90/0:*/08' 5/(.3/.('5) 5.3& *5 ,'7(05JM4% 7*50+5 *+,

('/*0+0+: %*115" B(0::'(', 841.9'5 *(' *154 '@A('55', *5 (*/' 42 /4/*1 A4/'+/0*116

.+5/*71' 841.9'  /&*/ 05 /4/*1 7*50+ *('* 90+.5 *('* 42 .+34+,0/04+*116 5/*71' *+,

7',(43L 4./3(4AA0+: /4/*1 *('*5$" B&05 (*/' 05 ';.*1 /4 0.1, 0.18, 0.42, 0.52 *+, 0.62

24( TR “ 5, 10, 50, 100 *+, 1000 6'*(5) ('5A'3/08'16"

K*5', 4+ /&'5' ('5.1/5) ('/.(+ A'(04, 42 '8'+/5 42 /&' 9*:+0/.,' 42 /&' 4+'

433.((', 4+ #

5/

N3/47'( =IID */ O434 3*/3&9'+/ 9*6 7' 42 /&' 4(,'( 42 =I J PI

6'*(5) %&03& 05 50:+0C3*+/16 1'55 /&*+ ('/.(+ A'(04,5 *55430*/', /4 /&' (*0+2*11 '8'+/

80* QRE 3.(8'5) /&*/ ('5.1/5 42 /&' 4(,'( 42 &.+,(',5 42 6'*(5  32" E4/0 '/ *1") =I#=$"

 !"!# $%&'%()&*+,-./&)0% 102'3 '4/3-/&)0%

B&' G4+/' H*(14 509.1*/04+ *114%5 /4 '8*1.*/') 2(49 * 5/43&*5/03 *+, A&6503*116J

7*5', A'(5A'3/08') '9A0(03*1 94,'15" S'(' /&' %0,'16J.5', I ´D 94,'1 05 /'5/',"

Q+ *+ 0,'*1 50/.*/04+) /&' A4(' A('55.('  ';.08*1'+/16) /&' 2*3/4( 42 5*2'/6$ 9*6

7' 34+5/*+/ 24( 3.(8'5 /&*/ *(' ('A('5'+/', 76 /&' '9A0(03*1 94,'1T5 ';.*/04+"

E4( 0+5/*+3') 24( /&' I ´ D '9A0(03*1 94,'1) 054´ψ 3.(8'5 5&4.1, 7' 10+'*( 0+ /&'

logpIq ´ logpDq A1*+'"

K'3*.5' 42 /&' 5/43&*5/03 +*/.(' 42 (*0+2*11) '8'+/5 %0/& ,0F'('+/ /09' &05/4(6)

/&*/ &*8' /&' 5*9' ,.(*/04+ *+, 9'*+ 0+/'+50/6  ,'C+', *5 0+ C:.(' >"U$) 9*6 1'*,

/4 ,0F'('+/ A4(' A('55.('5) 4( 803'8'(5*) /&' 5*9' A4(' A('55.(' 9*6 7' ,'/'(90+',

76 '8'+/5 42 ,0F'('+/ ,.(*/04+ *+, 9'*+ 0+/'+50/6"
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 !"#$% &'()* +%,#$- .%$!/0 12 1 3#-4,!/- /3 25/.% 1-0 -#67%$ /3 -#67%$ /3 0$1!-!-"

4%552 3/$ ,8% 9/4/ 41,486%-,

:8!2 !-,$/0#4%2 ;1$!17!5!,< !- ,8% 6/0%5 /#,.#,= 7#, 61< 481-"% 2!"-!>41-,5<

,8% $%51,!/-28!. 7%,?%%- ./$% .$%22#$% 1-0 $1!-3155 481$14,%$!2,!42= ,81, 61< 7%

>-155< $%2.%4, !- 1;%$1"% 7< ,8% %6.!$!415 6/0%5'

@ 4/6.1$!2/- ?!,8 4/-2,1-, !-,%-2!,< 8<%,/"$1.82 812 152/ 7%%- .%$3/$6%0= !-

/$0%$ ,/ !-;%2,!"1,% ,8% !-A#%-4% /3 1 $%15B5!C% $1-0/65<B;1$!175%B!-,%-2!,< 8<%,/"$1.82

/- ./,%-,!15 ,/ 51-025!0!-"'  /$ ,8% 7!#-!;/415 $%51,!/-28!. 7%,?%%- D-,%-2!,<B

E#$1,!/- 1-0 $%4,1-"#51$ 8<%,/"$1.82 F,/ 1 "!;%- D-,%-2!,< 1-0 E#$1,!/- 1 2!-"5%

$1!-3155 4/$$%2./-02= 1-0 ;!4%;%$21G= !2/B./$% .$%22#$% 4#$;%2 1$% $%.$%2%-,%0 !- ,8%

I ´D .51-% 7< 1 ?%55B0%>-%0 4#$;%2'

+%2#5,2 $%51,!;% ,/ ψcr 1$% 28/?- !- >"#$%2 &'HH ´ &'HI ;1$<!-" 25/.% δ 1-0

-#67%$ /3 0$1!-%0 4%552 Nd= !- ,8% logpIq ´ logpDq 2.14%'
J/-2,1-, 8<%,/"$1.8 2!6#51,!/-2 5%10 ,/ !2/´ψ 4#$;%2 ,81, 0!K%$ 2!"-!>41-,5<

3$/6 ,8% 5!-%1$ $%51,!/- !- ,8% 7!B5/"1$!,86!4 I´D .51-% ' L!6!51$ $%2#5,2 81;% 7%%-

/7,1!-%0 3/$ .8<2!4155<B712%0 6/0%52 !- "%-%$15 F%'"' +/22/ %, 15'= HMMNO L154!1$!-!

%, 15'= HMMPG'

Q-% 61< 0!2,!-"#!28 3/#$ $%"!/-2 !- ,8% I ´D .51-%= $%51,!;%5< ,/ ,8% 4/-2,1-,

8<%,/"$1.8 $%2#5,2' :8% >$2, $%"!/- !2 ,8% /-% 0%5!6!,%0 7< ,8% ;%$,!415 12<6.,/,%=

D “ D˚
= .$%2%-,%0 7< ,8% .5/,,%0 4#$;%2' R/ 61,,%$ ?81, ,8% !-,%-2!,< !2= ,8%

./$% .$%22#$% 0/%2 -/, $%148 ,8% >S%0 ;15#% !3 0#$1,!/- !2 5%22 ,81- D˚
' :8!2

4/$$%2./-02 ,/ ,8% 6!-!6#6 0#$1,!/- ,81, !, !2 -%%0%0 ,/ ,8% ./$% .$%22#$%2 ,/

7#!50 #. 1, ,8% 71215 7/#-01$< 1-0 $%148 ,8% >S%0 ;15#%= 1-0 0%.%-02 /- 8<0$1#5!4

481$14,%$!2,!42 1-0 0%.,8 dLZ ' :8% 2%4/-0 $%"!/- 61< 7% 5/41,%0 7< ,8% 8/$!T/-,15

12<6.,/,% /3 ,8% .5/,2= I “ I˚
' D-,%-2!,!%2 7%5/? I˚

1$% !-2#U4!%-, ,/ 7#!50 #.
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 !"#$% &'()* +%,#$- .%$!/0 /1 2%33 14!3#$% 1/$ 5/2/ 24,267%-,
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 !"#$% &'()* +%,#$- .%$!/0 /1 #-2,345% 6/5#7%

./$% .$%22#$%28 -/ 73,,%$ 9/: .$/5/-"%0 .$%;!.!,3,!/- !2' <9!2 !2 $%53,%0 ,/ ,9%

3;;/#-,!-" /1 5%3=3"% !- ,9% 7/0%5' <9% $%73!-!-" ,:/ $%"!/-2 936% /-% 4/#-03$>

,93, ;/!-;!0%2 :!,9 ,9% ;#$6% $%53,!6% ,/ ψ “ ψsat' I ´D ./!-,2 34/6% ,93, ;#$6%8

0%,%$7!-% ψ “ ψsat' ?/$% .$%22#$%2 63$> :!,9!- ,9% $3-"% ψ “ 0 ´ ψsat !- ,9%

$%73!-!-" $%"!/-'

+%2#5,2 /1 ,9% @/-,% A3$5/ 2!7#53,!/-2 936% ,/ 4% 0!2,!-"#!29%0 !-,/ ,:/ ;3,B

%"/$!%28 :9%- ,9%2% 3$% ;/7.3$%0 :!,9 ,9% ;/-2,3-,B9>%,/"$3.9 2!7#53,!/-2' C%B

;3#2% ,9% 53,,%$ 936% 4%%- 0%,%$7!-%0 ;/-2!0%$!-" 3- !-!,!35 :%,-%22 ω “ 08 ;/7B

.3$!2/- /1 ,9%!$ ,$%-0 :!,9 ,9% 1/$7%$ 73> 4% 635!0 /-5> 1/$ ;32%2 :9%$% ,9!2 /;;#$2

1/$ 2!7#53,%0 %6%-,2' D%-;% !- ,9% E"#$%2 &'((B&'(F 2!7#53,!/- ./!-,28 $%.$%2%-,!-"

$3!-1355 %6%-,2 ,93, .$/0#;%0 ,9% EG%0 H;$!,!;35I ./$% .$%22#$%8 3$% .5/,,%0 2%.3B

$3,%5> ,9% ,:/ ;32%2 ωpt “ 0q “ 0 H.5/,2 /- ,9% 5%1,I 3-0 ωpt “ 0q ą 0 H.5/,2 /- ,9%

$!"9,I'

J//=!-" 3, ,9% ./!-,2 /1 ,9% $%53,!6% ,/ ,9% ;32% ω “ 0 /-% E-02 ,93,8 35,9/#"9

:!,9 3 -/- -%"5!"!45% 0%"$%% /1 2;3,,%$!-"8 !2/´psi ./!-,2 ,%-0 ,/ 4% 2%-2!45> 5!-%3$B
5!=%'

<9!-"2 ;93-"% 0$32,!;355> :9%- /-% ;/-2!0%$2 ,9% ;32% ω ą 0' K- ,9!2 ;32% ,9%

2;3,,%$!-" !2 6%$> 9!"9 3-0 !, !2 6%$> 0!L;#5, ,/ !-,%$.$%, :!,9 3 5!-%8 -%,9%$ 32 3-

36%$3"% ;#$6% /$ 3 5/:%$ %-6%5/.% ;#$6%' <9!2 /;;#$2 %6%- 1/$ ,9% ;32% /1 Nd “ 5 B

:9!;9 !28 !- 13;,8 ,9% 7/2, $%.$%2%-,3,!6% !- 27355 2,%%. ;3,;97%-,28 ;1' E"#$% &'))

B :9%$% ./$%B.$%22#$% 7%7/$> !2 5%22 ,93- 1/$ ,9% /,9%$ ;32%2'

<9!2 $%2#5,2 /4,3!-%0 355/: ,/ ;/-;5#0% ,9% 1/55/:!-"*

• K- ,9% ;32% ,93, ./$%B.$%22#$% 7%7/$> !2 5/:8 :9!;9 73> 4% ,9% ;32% /1
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&.&'+# $**0- #07*!&'+"/ 4!#+)'+ $'& 6-$( &)* $+ &-5 #$ + )+ !'!+!)" 8)+&-

+)1"& 4&%+ !# '&2"&2!1"& )+ + & 1&2!''!'2 $6 &.&'+#5 + & #+-0*+0-& $6 -)!'9

6)"" !'40*& ) -&2$")-!:)+!$' $6 !#$9%$-&9%-&##0-& *0-.&# ,-)!'6)"" + -&# $"4# 6$-

")'4#"!4& +-!22&-!'23 8!+ -&#%&*+ +$ 4&+&-(!'!#+!* + -&# $"4# 1)#&4 $' -&*+9

)'20")-  /&+$2-)% #5 + )+ ()/ 1& !'+&-%-&+&4 8!+ ) 2$$4 4&2-&& $6 )**0-)*/

1/ ) #+-)!2 + "!'& !' + & logpIq ´ logpDq %")'&; <&'*&5 + & I ´ D ($4&"
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• D6 ψcr !#  !2 ,*6;5 &;2;5 E;FF35 8 !* ()/ $**0- 6$- -&")+!.&"/  !2 1)#)" 4&%+ #
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)-& '$+ *$'#&-.)+!.& 6$- -)!'6)"" &.&'+# $6 "$'2 40-)+!$'; J$-&$.&-5 &#+!()+!$'

$6 -&+0-' %&-!$4 !' + !# *)#& ()/ #0I&- $6 )-1!+-)-!'&## $6 !'!+!)" *$'4!+!$'#

,!'!+!)" 8)+&- +)1"& 4&%+ 35 8 &' %&-6$-(&4 .!) DHB *0-.&#; D' 6)*+5 !' + !#

*)#& )')"/#&# )-& '&&4&4 +$ )##&## + & %-$1)1!"!+/ $6 ) 2!.&'  /&+$2-)% *$'9

4!+!$'&4 +$ ) 2!.&' !'!+!)" 8)+&- +)1"& 4&%+ ; K' !'!+!)" 8)+&- +)1"& 4&%+ $6
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