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Chapter 1

Introduction

One of the oldest methods to represent information is by means of written texts.
A text can be defined as a coherent sequence of symbols which encodes informa-
tion in a specific language. One obvious example are natural languages, which are
typically used by humans to communicate in oral or written form. Other exam-
ples are DNA, RNA and protein sequences; DNA and RNA are nucleic acids that
carry the genetic information of living beings and can be represented as sequences
of the nucleobases (Cytosine, Guanine, Adenine and Thymine or Uracil) of their
nucleotides. Proteins are molecules made of amino acids that are fundamental
constituents of living organisms and can be represented by the sequence of amino
acids (20 in total) encoded in the corresponding gene.

A natural problem which arises when dealing with such sequences is identify-
ing specific patterns; as far as natural language texts are concerned, one is often
interested in finding the occurrences of a given word or sentence; on the other
side, an important problem in computational biology is finding given features in
DNA sequences or determining the degree of similarity of two sequences. Both
problems are particular instances of the string matching problem which has been
investigated in a formal way since 1970 [30, 57].

Among other applications of the string matching problem we recall data scan-
ning problems, such as intrusion detection or anti-virus scanning, and searching
of patterns within images (which can be modelled as two-dimensional sequences).

Formally, given an alphabet of symbols ¥ of size o, a text T of n symbols
and a pattern P of m symbols, the string matching problem consists in finding

all positions in T in which P occurs. In its online version only the pattern can



2 Introduction

be preprocessed before searching; instead, in the offline version the text can be
preprocessed to build a suitable data structure that allows searching for arbitrary

patterns without traversing the whole text.

In this thesis we deal with online string matching only. The first linear so-
lution for the string matching problem is the Knuth-Morris-Pratt algorithm [47],
which solves the problem with O(n) worst-case searching time complexity and
O(m)-space complexity. This algorithm is based on the deterministic finite au-
tomaton for the language >*P and scans the text from left to right. The first
sublinear string matching algorithm is due to Boyer and Moore [14]. The Boyer-
Moore algorithm processes the text in windows of size m and scans each window
from right to left. The idea is to stop when a mismatch occurs and then shift the
window based on the characters read. The algorithm is quadratic in the worst
case though, on the average, it shows a sublinear behaviour. Another important
solutiond based on finite automata is the Backward-DAWG-Matching algorithm
(BDM) [30], which uses the deterministic automaton for the language Suff(P)
of the suffixes of P (suffix automaton) [11]; in this case the text is processed
in windows of size m and windows are scanned from right to left, as the Boyer-
Moore algorithm. When a mismatch occurs, the window is shifted according to
the length of the longest recognized prefix of the pattern that is aligned with the
right side of the window. The algorithm has O(mn) worst-case time complexity
and O(m)-space complexity.

The optimal average time complexity of the string matching problem, under
a Bernoulli model of probability where all the symbols are equiprobable, is equal
to O(nlog,(m)/m) [70]. Such a bound has been achieved by the BDM algorithm.
Another important finite automaton for the string matching problem is the factor
oracle [2]; this automaton recognizes at least the factors of the input string and
can be used in place of the suffix automaton in the BDM algorithm (this variant
is known as BOM). The advantage of this automaton is that it is lighter because
it has m + 1 states, as opposed to the suffix automaton which can have up to
2m — 1 states. Although the solutions based on finite automata are suitable from
a theoretical point of view, in practice they do not always perform well. Indeed,
the algorithm which is usually implemented in computer programs is a simplified
version of the Boyer-Moore algorithm due to Horspool [39]. The principle of
simplicity is very relevant in string matching algorithms.

The situation changed in 1992 when Baeza-Yates and Gonnet introduced the

technique known as bit-parallelism to simulate the nondeterministic version of



the Knuth-Morris-Pratt automaton [8]. They devised a new algorithm, named
Shift-And, which is a version of the Knuth-Morris-Pratt algorithm based on the
nondeterministic finite automaton (NFA) recognizing ¥*P. The virtue of this
algorithm is that it is extremely simple and succint, thus achieving very good
performance in practice. Bit-parallelism is a representation, based on bit-vectors,
that exploits the regularity of some nondeterministic automata. The space needed
by this encoding is O(o[m/w]), where w is the size in bits of a computer word.
Later, Navarro and Raffinot extended this result to the nondeterministic version
of the suffix automaton [56]. They presented an algorithm, named BNDM, which
is the version of the BDM algorithm based on the NFA for the language Suff (P).
Despite being very efficient in practice, algorithms based on bit-parallelism suffer
from an intrinsic limitation: they have a O([m/w]) overhead in the corresponding
time complexity, which is due to the use of a representation based on bit-vectors.
Hence, they do not scale efficiently as the pattern length grows. A few techniques
have been proposed to workaround this limitation [56, 59], but they all have some

drawbacks.

A natural generalization of the string matching problem is the multiple string
matching problem: given a set P of patterns and a text T', the multiple string
matching problem is tantamount to finding all the occurrences in T of the patterns
in P. The first linear solution for this problem based on finite automata is due to
Aho and Corasick [1]. The Aho-Corasick algorithm uses a deterministic incomplete
finite automaton for the language 3¥*P based on the trie for the input patterns,
and is basically a generalization of the Knuth-Morris-Pratt algorithm. The first
sublinear solution is due to Commentz-Walter [27] and is a generalization of the
Boyer-Moore algorithm based on the trie for the input patterns. Generalizations of
the BDM and of the BOM algorithms can be found in [57]. The nondeterministic
versions of finite automata for the multiple string matching problem are more
difficult to simulate because, in general, it is not true that for every state the
number of outgoing edges is at most 1, which is one of the properties exploited
by bit-parallelism. Nevertheless, there exist generalizations of the Shift-And and
of the BNDM algorithms [57] that are based on a simplified ¢rie in which no

factoring of prefixes occurs.

An important variant of the string matching problem is the approzimate string
matching problem, which consists in finding all the occurrences of a pattern in
a text allowing for a finite number of errors. Errors are formalized by means of

a distance function on strings which maps two strings into the minimal cost of
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a sequence of edit operations that are needed to convert the first string into the
second string. This problem is useful to find, for example, DNA subsequences af-
ter mutations, or spelling errors. Well known distance functions for this problem
are the edit distance [49] (also called the Levenshtein distance) or the Damerau
edit distance [31]. The edit operations in the former edit distance are insertion,
deletion, and substitution of characters; instead, in the second case, one allows for
swaps of characters, i.e., transpositions of two adjacent characters'. Approzimate
string matching under the Damerau distance is also known as string matching
with swaps and was introduced in 1995 as one of the open problems in non-
standard string matching [52]. A variant of this problem, known as approzimate
string matching with swaps, consists in computing, for each occurrence, also the

corresponding number of swaps.

Another important variant of the string matching problem is the compressed
string matching problem, which consists in searching for a pattern in a text stored
in a compressed form. Compression in this case means reducing the size of the
text representation without any loss of information, i.e., the original text can
be completely recovered from its compressed version. Despite the fact that the
price of external memory has lowered dramatically in recent years, the interest in
data compression has not withered; hence, being able to perform text processing
directly on the compressed text remains an interesting task. The two compression
methods that are investigated in this thesis are prefix codes and the Burrows-
Wheeler transform. Prefix codes are variable-length codes with the property
that no codeword is a prefix of any other codeword in the set. This compression
method is also known as Huffman coding [40]. The problem which arises when
performing string matching on prefix codes is that decoding must be performed
from left to right and no bit can be skipped. The Burrows-Wheeler transform [15]
(BWT) is a reversible transformation which yields a permutation of the text that
can be better compressed using the combination of a locally-adaptive encoding,
such as move-to-front [10], and statistical methods [40, 67]. It is not possible to
search for a pattern in a BWT encoded text without preprocessing the text once
at least. Hence, Existing algorithms [9] for string matching on BWT encoded
texts are not strictly online. These algorithms are able to compute how many
times a given pattern occurs in a text and all the positions in which it occurs,

but require more than one iteration over the compressed text.

IFor an in-depth survey on approximate string matching see [53].



1.1. Results )

1.1 Results

The main results presented in this thesis are:

e a new encoding, based on bit-vectors, for regular NFAs as those for the
languages ¥* P and Suff (P). The new representation, based on a particular
factorization of strings, requires O(o[k/w]) space and adds a O([k/w])
overhead to the time complexity of the algorithms based on it, where [ 2] <
k < m is the size of the factorization and m is the length of the input string.
We show that bit-parallel string matching algorithms based on this encoding

scale much better as m grows.

e anew encoding, based on bit-vectors, of the NFA for the language Jpop £* P
induced from the trie data structure for P and the NFA for the language
Upep Suff (P) induced from the DAWG data structure for P. The new
representation requires O((o +m)[m/w]) space, where m is the number of

states of the automaton.

e practical bit-parallel variants of the Wide-Window algorithm that exploit the
bit-level parallelism to simulate two automata in parallel. In one case this

approach makes it possible to double the shift performed by the algorithm.

e the definition of a distance for approzimate string matching based on edit
operations that involve substrings of the string, namely swaps of equal
length adjacent substrings and reversal of substrings; we also present an al-
gorithm, based on dynamic programming and on the DAWG data structure,

to solve the approximate string matching problem under this distance.

e a simple variant of an algorithm for the string matching with swaps problem
that is able to count, for each occurrence of the pattern, the corresponding

number of swaps without any time and space overhead.

e a general algorithm designed to adapt Boyer-Moore like algorithms for com-
pressed string matching in Huffman encoded texts; the new algorithm is able

to skip bits when decoding.

e a new type of preprocessing for online string matching on BWT encoded
texts to count the occurrences of a pattern; the new algorithms require one
iteration only over the compressed text and use less space, on average, in

the case of moderately large alphabets.
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This thesis includes material from my original publications [21, 17, 24, 25, 23,
22, 18].

1.2 Organization of the thesis

The thesis is divided into seven chapters. Chapter 2 provides the reader with the
basic notions needed to properly follow the results presented in the subsequent
chapters; in particular, it introduces the basic notions and notations used to
work with strings and finite state automata and also specifies some basic data
structures. Chapter 3 focuses on the basic string matching problem; it presents
a formal derivation of the solutions for this problem based on nondeterministic
finite automata and on the bit-parallelism technique and includes some novel
results as well. Chapter 4 deals with the multiple string matching problem and
presents existing and novel results concerning methods based on nondeterministic
finite automata and bit-parallelism. Chapters 5 and 6 focus on more complex
variants of the string matching problem such as approzimate string matching
and compressed string matching, respectively, and present novel results for both

problems. The conclusions are finally drawn in Chapter 7.



Chapter 2

Basic notions and definitions

2.1 Strings

A string P of length |P| = m over a given finite alphabet ¥ of size o is any
sequence of m characters of X. For m = 0, we obtain the empty string . X*
is the collection of all finite strings over ¥. We denote by Pli] the (i 4+ 1)-th
character of P, for 0 < i < m. Likewise, the substring (or factor) of P contained
between the (i + 1)-th and the (j + 1)-th characters of P is denoted by PJi .. j],
for 0 < i < j < m. Wealso put P, =, P[0..7], for 0 < ¢ < m, and make
the convention that P_; denotes the empty string €. It is common to identify a
string of length 1 with the character occurring in it. We also put first(P) = P[0]
and last(P) = P[|P| - 1].

For any two strings P and P’, we write P.P’ or, more simply, PP’ to denote
the concatenation of P’ with P. We also write P/ J P (P’ O P) to indicate
that P’ is a (proper) suffix of P, i.e., P = P”.P’ for some nonempty string P”.
Analogously, P C P (P’ C P) denotes that P’ is a (proper) prefix of P, i.e.,
P = P'.P” for some (nonempty) string P”’. We denote by Fact(P) the set of the
factors of P and by Suff(P) the set of the suffixes of P. We write P" to denote
the reverse of the string P, i.e., P" = Plm — 1]P[m — 2] ... P[0]. Given a finite
set of patterns P, let P =, {P" | P€ P} and P, =,,{P[0..l-1] | P € P}.
We also define size(P) =, > pep | P| and extend the maps Fact(-) and Suff(-)
to P by putting Fact(P) =y Upcp Fact(P) and Suff (P) =p. Upep Suff (P).

7
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2.2 Nondeterministic finite automata

A nondeterministic finite automaton (NFA) with e-transitions is a 5-tuple N =
(Q,%,90,q0, F), where @ is a set of states, ¢o € @ is the initial state, F C @Q is
the collection of final states, ¥ is an alphabet, and § : Q x (ZU{e}) = Z(Q) is
the transition function (Z(-) is the powerset operator).! For each state ¢ € Q,
the e-closure of ¢, denoted as ECLOSE(q), is the set of states that are reachable
from ¢ by following zero or more e-transitions. ECLOSE can be generalized to a
set of states by putting ECLOSE(D) =,.; J,cp ECLOSE(g). In the case of an
NFA without e-transitions, we have ECLOSE(q) = {q}, for any ¢ € Q.

The extended transition function 6* : Q x ¥* — Z(Q) induced by ¢ is defined

recursively by

ECLOSE(q) ifu=e,

5*((]7 ’LL) = Def
Upes=(g,0) ECLOSE(0(p, c)) if u = v.c, for some ¢ € ¥ and v € E~.

In particular, when no e-transition is present, then

" (q,e) ={q} and §"(q,v.c) =(6"(¢q,v),c).

Both the transition function ¢ and the extended transition function §* can be
naturally generalized to handle set of states, by putting 6(D, ¢) =pef quD 0(q, )
and 6*(D,u) =pef quD 0*(q,u), respectively, for D C @, ¢ € X, and u € X*.

The extended transition function satisfies the following property:
5 (g, u.w) = 0" (0% (q,u),v), for all u,v € &*. (2.1)
Given an NFA N = (Q, %, 6, qo, F'), we define a reachable configuration of N any

subset D C @ such that D = 6*(go, u), for some u € X*.

2.3 Bitwise operators on computer words and

the bit-vector data structure

We recall the notation of some bitwise infix operators on computer words, namely
the bitwise and “&”, the bitwise or “|”, the left shift “<” and right shift

Hn the case of NFAs with no e-transitions, the transition function has the form § : Q x ¥ —
2(Q). For the basics on NFAs, the reader is referred to [38].
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“>" operators (which shifts to the left (right) its first argument by a number of
bits equal to its second argument), and the unary bitwise not operator “~”.

The functions that compute the first and the last bit set to 1 of a word x are
|logy(z & (~x +1))] and |logy(z)], respectively. Modern architectures include
assembly instructions for this purpose; for example, the 86 family provides
the bsf and bsr instructions, whereas the powerpc architecture provides the
cntlzw instruction. For a comprehensive list of machine-independent methods
for computing the index of the first and last bit set to 1, see [7].

Aset S C {1,2,...,m} of integers can be conveniently represented as a vector
D of m bits. The i-th bit of D is set to 1 if the element i belongs to S, to 0
otherwise. If w is the size in bits of a computer word, [m/w] words are needed
to represent S. Using this representation, typical operations on sets map onto

simple bitwise operations:

cicS e D&(1<i)#£0

Su{i} < D| (1)

S1USy <— D1|D2

S1NSy < D; & Dy

81\82 <~ Dl&NDQ
e §S¢ «— ~D.

This representation allows to exploit the bit-level parallelism of the operations
on computer words, cutting down the number of operations that an algorithm

performs by a factor of w, as the time complexity of each operation is ©([m/w]).

2.4 The trie data structure

Given a set P of patterns over a finite alphabet X, the trie Tp associated with P
is a rooted directed tree, whose edges are labeled by single characters of 3, such
that

(i) distinct edges out of a same node are labeled by distinct characters;

(ii) all paths in Tp from the root are labeled by prefixes of the strings in P;
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D)

@ ﬁ

0O -O-D-®

(a) (b) OO

Figure 2.1: (a) trie and (b) mazimal trie for the set of strings {gcgca,gtgtg,gegte}.

(iii) for each string P in P there exists a path in Tp from the root which is
labeled by P.

For any node p in the trie 7p, we denote by bl(p) the string which labels the
path from the root of 7p to p and put len(p) =, |bl(p)|. Plainly, the map bl
is injective. Additionally, for any edge (p,q) in Tp, the label of (p,q) is denoted
by Bi(p, q).

For a set of patterns P = {Py, P, ..., P} over an alphabet 3, the mazimal
trie of P is the trie 75*** obtained by merging into a single node the roots of the
linear tries Tp,, Tp,, - .., Tp, relative to the patterns Py, P, ..., P, respectively.
Strictly speaking, the maximal trie is a nondeterministic trie, as property (i)
above may not hold at the root. An example of trie and maximal trie is shown

in Fig. 2.1.

2.5 The DAWG data structure

The directed acyclic word graph (DAWG) [11, 28, 30] for a finite set of patterns P
is a data structure representing the set Fact(P). To describe it precisely, we need
the following definitions. Let us denote by end-pos(u) the set of all positions in

‘P where an occurrence of u ends, for u € ¥*; more formally, let
end-pos(u) =y {(P,j) | u 2 P;, with P € P and |u| —1<j <|P|}.
For instance, we have end-pos(e) = {(P,j) | P € P and —1 < j < |P|}, since

e J P;, foreach P € P and —1 < j < |P| (we recall that P_; = ¢, by convention).
2

2In the case of a single pattern, i.e., |P| = 1, end-pos is just a set of positions rather than of
pairs.
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q suf R

9 {e}

q1 q0 {a}

@2 Qo {ag, g}

3 @ {aga, ga}

1 Q2 {agag, gag}
ERT {agage, gage}

g% Qo {agc, ge, c}

q7 q1 {agca, gca, ca}

g8 g2 {agcag, gcag, cag}

Figure 2.2: DAWG for the set of strings {agagc,agcag}.

We also define an equivalence relation R, over ¥* by putting
u R, v <=, end-pos(u) = end-pos(v), (2.2)

for u,v € ¥*, and denote by R, (u) the equivalence class of R, containing the

string u. Futhermore, let
val(R,(u)) =p.; the longest string in the equivalence class R, (u), (2.3)

and length(R,(u)) =p. |val(R,(u))|. Then the DAWG for a finite set P of
patterns is a directed acyclic graph (V, E) with an edge labeling function bl(),
where V = {R,(u) |u € Fact(P)}, E = {(R,(u),R.(uc)) | u € ¥*,c € X, uc €
Fact(P)}, and I(R, (u), R, (uc)) = ¢, for u € ¥*, ¢ € ¥ such that uc € Fact(P)
(cf. [12]).

We also define a failure function, suf : Fact(P)\ {e} — Fact(P), named suffiz
link, by putting

suf(u) =p.; the longest v € Suff (u) such that y R, (2.4)

for u € Fact(P) \ {e}.
The suf(-) and end-pos(-) functions can be extended to the equivalence classes
of R, not containing ¢, by putting for all ¢ € V' \ {R,(¢)}

suf(q)  =pe  Ro(suf(val(q)))
end-pos(q) =p.; end-pos(val(q)).

An example of DAWG is shown in Fig. 2.2. The DAWG for a finite set of pat-
terns P naturally induces the deterministic automaton % (P) = (Q, %, §, root, F')

whose language is Fact(P), where
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Q ={R.(u) : uw € Fact(P)} is the set of states,

e Y is the alphabet of the characters in P,

0:Q X X — Q is the transition function defined by:

{R,(uc)} if uc € Fact(P)

0 otherwise

(R, (u), ¢) =

root = R, (¢) is the initial state,

e = () is the set of final states.

2.6 Experimental framework

The experimental results presented in this thesis have been obtained using the
following setup: all the algorithms have been implemented in the C program-
ming language and have been compiled with the GNU C Compiler 4.0, using the
optimization options -02 -fno-guess-branch-probability; the running times
have been measured with a high resolution timer by first copying the whole input
in memory and then taking the mean over a certain number of runs of the time
needed by the algorithm to end. The word size is 32 in all the tests. The corpus

used to carry out the tests consists of the following files:
(i) the English King James version of the “Bible” (n = 4,047,392,0 = 63),
(it

(iii

)
) the CIA World Fact Book (n = 2,473,400,0 = 94),

) a DNA sequence of the Escherichia coli genome (n = 4,638,690,0 = 4),

(iv) a protein sequence of the Saccharomyces cerevisiae genome (n = 2,900,352,0 =
20),

(v) the Spanish novel “Don Quixote” by Cervantes (n = 2347740, 0 = 86).
where n denotes the number of characters and o denotes the alphabet size. Files

(i), (ii), and (iii) are from the Canterbury Corpus 3, file (iv) is from the Protein

Corpus 4, and file (v) is from Project Gutenberg 5.

3http://corpus.canterbury.ac.nz/
“http://data-compression.info/Corpora/ProteinCorpus/
Shttp://www.gutenberg.org/
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Chapter 3

The string matching

problem

Given a pattern P of length m and a text T of length n, both drawn from a
common finite alphabet ¥ of size o, the string matching problem consists in
finding all the occurrences of P in 7. The optimal average time complexity of

the problem is equal to O(nlog,(m)/m) [70].

The most efficient solutions for the string matching problem are based on
finite automata. As already recalled, the first linear-time solution is the Knuth-
Morris-Pratt algorithm [47]. This algorithm uses an implicit representation of
the automaton for the language ¥* P based on the border function of the pat-
tern [30] and solves the problem with O(n) worst-case searching time complexity
and O(m)-space complexity. The lower bound on average has been achieved by
the BDM algorithm [30], that is based on the deterministic automaton for the
language Suff (P). The worst-case searching time complexity of this algorithm
is O(mn) while its space complexity is O(m). Baeza-Yates and Gonnet [8] in-
troduced a technique, known as bit-parallelism, to simulate the nondeterministic
versions of these automata. They devised a new algorithm, named Shift-And, that
is the version of the Knuth-Morris-Pratt algorithm based on the NFA recognizing
¥*P. Later, Navarro and Raffinot [56] presented the BNDM algorithm, which is
the version of the BDM algorithm based on the nondeterministic suffix automa-
ton for the language Suff (P). Albeit algorithms based on bit-parallelism are very

efficient and compact, they have an O([m/w]) overhead, where w is the size in

13
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bits of a computer word, as compared to the corresponding algorithms based on
a deterministic automaton. This limitation is intrinsic, since the bit-parallelism
encoding is based on bit-vectors.

In this chapter we present new results concerning bit-parallelism. In Sec-
tion 3.1 we formally define the NFAs for the string matching problem and in Sec-
tion 3.2 we introduce the bit-parallelism technique and the two main algorithms
based on it. Then, in Section 3.3 we present a new encoding, based on bit-vectors,
for regular NFAs as those for the languages ¥*P and Suff(P). By exploiting a
particular factorization of strings, the new representation allows to encode au-
tomata by smaller bit-vectors resulting in faster algorithms. In Section 3.4 we
present a method to increase the parallelism in bit-parallel algorithms; more pre-
cisely, we introduce variants of the Wide-Window algorithm [37] that simulate two
automata in parallel. In one case this approach makes it possible to double the

shift performed by the algorithm at each iteration.

3.1 Automata based solutions for the string match-

ing problem

There are two main automata which are the core building blocks in different
algorithms for the string matching problem. Let P € ¥™ be a string of length m.
The first automaton is the one for the language ¥X*P, i.e., the automaton that
recognizes all the strings that have P as suffix. The second one is the so called
suffiz automaton, which is the automaton that recognizes the language Suff(P)
of the suffixes of P. It is important to observe that the nondeterministic versions
of these automata are very regular. We indicate with & (P) = (Q, %, 6, qo, F') the

nondeterministic automaton for the language 3* P, where:

e Q=A{q,q, ., qm} (go is the initial state)

e the transition function ¢ : Q@ x ¥ — 2(Q) is defined by:

{90,1} ifi=0 and ¢ = P[0]

{e}  ifi=0andc# P[0]
6(Qi7c> = Def ) . .

{gi1} if1<i<mandc= Pl

) otherwise
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(a) (b)

Figure 3.1: (a) Nondeterministic automaton and (b) nondeterministic suffix automa-
ton for the pattern atag.

o F'={qgn} (F is the set of final states).

Likewise, we denote by .#(P) = (Q,%,0,I, F) the nondeterministic suffix

automaton with e-transitions for the language Suff(P), where:
e Q=1{I,q90,q1,---,qm} (I is the initial state)

e the transition function ¢ : @ x (X U {e}) — P(Q) is defined by:

{¢it1} ifq=¢ and c=P[i] (0<i<m)
5(q,¢) =pe § Q ifg=landc=c¢

0 otherwise

o F={qgm} (F is the set of final states).

An example of both automata is shown in Fig. 3.1.

The algorithms based on the automata <7 (P) and .#(P) for searching a pat-
tern P in a text 7' work by moving a logical window of size |P| over T. The
method based on the automaton o/ (P) computes, for a given window ending at
position j in T', all the prefixes of P that are suffixes of T;. In particular, there
is an occurrence of P if the prefix of length m is found. The algorithm always
shifts the current window by one position to the right, i.e., it checks every win-
dow. Instead, the method based on the automaton .#(P) computes, for a given
window ending at position j in 7', the longest prefix of P that is a suffix of T by
reading the window from right to left with .#(P"). As in the previous method,
there is an occurrence of P if the length of the longest prefix found is m. The
algorithm shifts the current window by a number of positions that depends on
the length of the longest proper prefix of P recognized. This approach makes it

possible to skip windows.
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Given a pattern P of length m, the automaton & (P) can be used to find the
occurrences of P in a given text T', by observing that P has an occurrence in T
ending at position ¢, i.e., P 3 T;, if and only if 6% (go, T'[0..4]) contains the final
state ¢.,. Thus, to find all the occurrences of P in T, it suffices to compute the
set 6% (qo, ;) N F, fori=0,1,...,|T| — 1.

Given a pattern P of length m, the automaton . (P") can be used to find the
occurrences of P in a text T by observing that P has an occurrence in 1" ending
at position 4, i.e., P J T;, if and only if 0% (qo, (T'[i — m + 1..4])") contains the
final state ¢,,. Hence, to find all the occurrences of P in T, one can compute
0% (g0, (T[i—m+1.4))")NF, fori=m—1,m,...,|T| — 1. With this approach
it is possible to skip windows: in fact, for a window of T of size m ending at
position i, let I be the length of the longest proper suffix of T'[i — m + 1..4] such
that 6% (qo, (T[i — 1+ 1..7))") N F # (0. It is easy to see that [ is the length of
the longest prefix of P that is a suffix of T;. Then, the windows at positions
i,i+1,...i+m — 1 — 1 can be safely skipped.

3.2 The bit-parallelism technique

Bit-parallelism is a technique, based on bit-vectors, that was introduced by Baeza-
Yates and Gonnet in [8] to simulate efficiently nondeterministic automata. The
first algorithms based on this technique are the well-known Shift-And [8] and
BNDM [56]. The trivial way to encode a nondeterministic automaton of m states
is by i) finding a linear ordering of its states, ii) representing the automaton
configurations as bit vectors, such that bit ¢ is set iff state with position i is
active, and iii) by tabulating the transition function §(D,c), for D C @, ¢ € X.
However, the main problem of this representation is that the space in bits needed
to represent the transition function is (2 - o) -m, which is exponential in m. Bit-
parallelism takes advantage of the regularity of the automata &7 (P) and . (P) to
efficiently encode the transition function in a different way. The construction can
be derived by starting from a result that was first formalized for the Glushkov
automaton and that can be immediately generalized to a certain class of NFAs
as follows (cf. [58]).

Let N = (Q,%,0,q0, F) be an NFA with e-transitions such that up to the

e-transitions, for each state ¢ € @, either

(i) all the incoming transitions in ¢ are labeled by a same character, or
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[=R=T==
o~ o8
o o ~|R
r—-OO';S

o o+ ®|Q

Figure 3.2: The map B(-) of the automaton <7 (atag).

(ii) all the incoming transitions in ¢ originate from a unique state.

Let B(c), for ¢ € ¥, be the set of states of N with an incoming transition labeled
by ¢, i.e.,
B(c) =ps{a€ Q| qedlp,c), for some p e Q}.

Likewise, let Follow(q), for ¢ € @, be the set of states reachable from state ¢ with

one transition over a character in X, i.e.,

Follow(q) =p. U (g c) .
ceEX

and let

(D) =, | J Follow(q),
qeD

for D C @. Then the following result holds.

Lemma 3.1 (cf. [58]). For every g € Q, D C @, and ¢ € &, we have
(a) 6(q,c) = Follow(q) N B(c);

(b) 6(D,c) = ®(D) N Blc).

Proof. Concerning (a), we notice that d(q, ¢) C Follow(q)NB(c) holds plainly. To
prove the converse inclusion, let p € Follow(q)NB(c). Then p € §(q,)Nd(¢, ¢),
for some ¢’ € ¥ and ¢’ € Q. If p satisfies condition (i), then ¢/ = ¢, and therefore
p € 0(¢q,¢). On the other hand, if p satisfies condition (ii), then ¢ = ¢’ and
therefore p € d(g, ¢) follows again.

From (a), we obtain immediately (b), since

d(D,c) = U 0(g,c) = U (Follow(q) N B(c))
qeD qeD
= | Follow(q) N B(c) = ®(D) N Bc). O
q€D
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Shift-And (P, m, T, n)
for ¢ € ¥ do Bjc] + 0™
for i + 0 tom — 1 do
B[P[i]] = B[P[i]] | (0™ '1 < )
O'rn
for j < 0ton—1do
D+ ((D<1)| 0™ 1) & B[T][j]]
if D & 10™~! # 0™ then Output(j)

NO oW

Figure 3.3: The Shift-And algorithm.

Provided that one finds an efficient way of storing and accessing the maps @(-)
and B(+), equation (b) of Lemma 3.1 is particularly suitable for a representation
based on bit-vectors, as set intersection can be readily implemented by the bitwise

and operation.

The map B(-) can be encoded with o -m bits, independently of the automaton
structure, using an array B of o bit-vectors, each of size m, where the i-th bit
of Blc] is set if there is an incoming transition in state with position ¢ labeled
by c. Instead, a generic encoding of the ®(-) map requires 2™ - m bits, which is

exponential in the number m of states.

While this result allows to reduce the total bits needed to represent the tran-
sition function to (2™ + o) - m, it can still be improved. In fact, depending on
the automaton structure, it is possible to find a more efficient way to compute
the map ®(-).

3.2.1 The Shift-And algorithm

The Shift-And algorithm simulates the nondeterministic automaton that recog-
nizes the language ¥* P, for a given string P of length m. An Automaton con-
figuration §*(go,.S) on input S € ¥* is encoded as a bit-vector D of m bits (the
initial state does not need to be represented as it is always active), where the i-th
bit of D is set to 1 iff state ¢;11 is active, i.e., gi+1 € §*(qo, S), fori =0,...,m—1.
The map B(-) is encoded, as described above, using an array B of ¢ bit-vectors,
each of size m, where the i-th bit of Blc] is set iff §(¢;,¢) = ;41 or equivalently
iff Pli] = ¢, for c € ¥, 0 < i < m. An example of the B(-) map is shown in
Fig. 3.2. As far as the ®(-) map is concerned, observe that Follow(q;) = {qi+1},
fori=1,...,m—1, and Follow(qo) = {qo, ¢} Thus, for any automaton config-
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uration D,
(D) = | {air1} U{ao},
¢ €D
which becomes |, p{¢i+1}U{q1} if we do not represent the initial state. Hence,
if D is represented as a bit-vector, we can compute ®(D) with a bitwise left
shift operation of one unit and a bitwise or with 1 (represented as 0™~11).
For a configuration D of the NFA, a transition on character ¢ can then be

implemented by the bitwise operations
D+ (Dx1)|1) & B[].

When a search starts, the initial configuration D is initialized to 0™. Then,
the automaton configuration is updated for each text character, as described
before, by reading the text from left to right. For each position j in T, if D is
the automaton configuration after having read the j-th character, it holds that
P; 3 Ty iff bit 4 is set in D. Thus, to verify if there is a match at position j it
suffices to check that the (m —1)-th bit is set in D. The worst-case searching time
complexity of the Shift-And algorithm is O(n[m/w]) while the space complexity
is O(c[m/w]). The pseudocode of the algorithm is shown in Fig. 3.3.

3.2.2 The Backward-Nondeterministic-DAWG-Matching algo-

rithm

The Backward-Nondeterministic-DAWG-Matching algorithm (BNDM, for short) sim-
ulates the nondeterministic suffix automaton for P” with the bit-parallelism tech-
nique, using an encoding similar to that described above for the Shift-And algo-
rithm. The automaton configuration is encoded again as a bit vector D of m
bits. The i-th bit of D is set to 1 iff state ;11 is active, for ¢ = 0,1,...,m — 1,
and D is initialized to 1™, since after the e-closure of the initial state I all states
¢; represented in D are active. The first transition on character ¢ is implemented
as D < (D & Bi|c]), while any subsequent transition on character ¢ can be

implemented as

D+ ((D<1)& B[]).

This algorithm works by shifting a window of length m over the text. Specifi-
cally, for each window alignment, it searches the pattern by scanning the current

window backwards and updating the automaton configuration accordingly.
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BNDM (P, m, T, n)
1. for c € ¥ do Bc] + 0™

2. for i<+ 0tom —1do

3 ¢+ Plm—1—4]

4. Ble] = Ble] | (0711 <« 4)
5. j4—m—1

6. while j < n do

7 k < 0,last + O

8
9

D+ 1m
while D # 0™ do
10. D+ D & B[T[j — k]
11. k+—k+1
12. if D& 10™~! # 0™ then
13. if £ > 0 then
14. last < k
15. else Output(j)
16. D+ D1
17. j <+ j+m—last

Figure 3.4: The Backward-Nondeterministic-DAWG Matching algorithm.

Let j be the ending position of the current window. At each iteration k, for
k=1,...,m, the automaton configuration is updated by performing a transition
on character T[j — k + 1], as described before. After having performed the k-th
transition, it holds that

Tli—k+1,....5]=Plm—1—1i,...,m—2—i+k

ifft bitiissetin D, fori=k—1,...,m—1.

Each time a suffix of P" (i.e., a prefix of P) is found, i.e., when prior to the
left shift the (m — 1)-th bit of D & Bic] is set, the suffix length k is recorded
in a variable last. A search ends when either D becomes zero (i.e., when no
factor of P can be recognized) or when the algorithm has performed m iterations
(i.e., when a match has been found). The window is then shifted to the starting
position of the longest recognized proper prefix, i.e., to position j+m —last. The
worst-case searching time complexity of the BNDM algorithm is O(nm[m/w]),
while its space complexity is O(c[m/w]). The algorithm BNDM is optimal on
average as BDM. The pseudocode of the algorithm is shown in Fig. 3.4.

3.2.3 Bit-parallelism limitations

When the pattern size m is larger than w, the configuration bit-vector and all

auxiliary bit-vectors need to be splitted over [m/w] multiple words. For this



8.3. Tighter packing for bit-parallelism 21

reason the performance of the Shift-And and BNDM algorithms, and, more in
general, of bit-parallel algorithms degrade considerably as [m/w] grows. A com-
mon approach to overcome this problem consists in constructing an automaton
for a substring of the pattern fitting in a single computer word, to filter possible
candidate occurrences of the pattern. When an occurrence of the selected sub-
string is found, a subsequent naive verification phase allows to establish whether
it belongs to an occurrence of the whole pattern. However, besides the costs of
the additional verification phase, a drawback of this approach is that, in the case
of the BNDM algorithm, the maximum possible shift length cannot exceed w,

which may be much smaller than m.

3.3 Tighter packing for bit-parallelism

We present a new encoding of the configurations of the nondeterministic (suffix)
automaton for a given pattern P of length m, which on the average requires less
than m bits and can be used within the bit-parallel framework. The effect is that
bit-parallel string matching algorithms based on this encoding scale much better
as m grows, at the price of a larger space complexity. We will illustrate such
a point experimentally with the Shift-And and the BNDM algorithms, but our
proposed encoding can also be applied to other variants of the BNDM algorithm.

Our encoding will have the form (D, a), where D is a k-bit vector, with k < m
(on the average k is much smaller than m), and a is an alphabet symbol (the last
text character read) that will be used as a parameter in the bit-parallel simulation
with the vector D.

The encoding (D, a) is obtained by suitably factorizing the simple bit-vector
encoding for NFA configurations presented in the previous section. More specifi-

cally, it is based on the following pattern factorization:

Definition 3.1 (1-factorization). Let P € ™. A 1-factorization u of size k of

P is a sequence {uy,us,...,ur) of nonempty substrings of P such that:
(CL) P =Uiug ... Uk ,

(b) each factor u; in uw contains at most one occurrence of any of the characters
in the alphabet X, for j=1,....k.

For a given 1-factorization w = {uy, us, ..., ur) of P, we put

7“;" :Def U1U2...u]‘,1‘, (31)
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for j = 1,2,....k +1 (so that r* = 0 and v}, ; = m) and call the numbers
T, 7Y, ... Ty the indices of w. Plainly, r* is the index in P of the first char-
acter of the factor uj, for j =1,2,...,k.

A 1-factorization of P is minimal if such is its size.

Observe that the size k of a 1-factorization u of a string P € ¥™ satisfies the

condition

[@] <k<m.
o

Indeed, as the length of any factor in u is limited by the size ¢ of the alphabet
>, then m < ko, which implies [%W < k. The second inequality is immediate
and occurs when P has the form a™, for some a € ¥, in which case P has only
the 1-factorization of size m whose factors are all equal to the single character
string a.

As we shall show below, the size of the bit-vector D in our encoding depends
on the size of the 1-factorization used; as a result, a minimal 1-factorization yields
the smallest vector. A greedy approach to construct a 1-factorization of smallest
size for a string P consists in computing the longest prefix u; of P containing no
repeated characters and then recursively 1-factorize the string P deprived of its

prefix w1, as in the procedure Greedy-1-Factorize shown below.

Greedy-1-Factorize(P)

if P is the empty string € then
return the empty sequence ()
else
w1 < longest prefix of P containing no repeated character
P’ + the suffix of P such that P = u; P’
return the sequence obtained by prepending the factor u; to the
sequence Greedy-1-Factorize(P’)
endif

The correctness of the procedure Greedy-1-Factorize is shown in the following

lemma:

Lemma 3.1. The call Greedy-1-Factorize(P), for a string P € ¥™, computes a

minimal 1-factorization of P.

Proof. Let w = (uj,us,...,ux) be the l-factorization computed by the call
Greedy-1-Factorize(P) and let v = (v1,va,...,vp) be any 1l-factorization of P.
We just need to show that k& < h.
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By construction, the character first(u;41) occurs in u;, fori =1,2,...,k—1,
otherwise the factor u; could have been extended by at least one more character.

We say that the factor v; of v covers the factor u; of w if r;’ <rt < r}’H (see
(3.1)), i.e., if j is the largest index such that the string v1vs...v;_1 is a prefix of
the string ujus ... u;—1.

Plainly, each factor of u is covered by exactly one factor of v. Thus, for our
purposes, it is enough to show that each factor of v can cover at most one factor
of u, so that the number of factors in v must be at least as large as the number

of factors in w. Indeed, if this were not the case then
ry <t <y <,

forsomei € {1,2,...,h} and j € {1,2,...,k}. But then, the string w;.first(u;+1),
which contains two occurrences of the character first(u;41), would be a factor of

v;, which yields a contradiction. O

A 1-factorization (uq,us, ..., ug) of a given pattern P € ¥* induces naturally
a partition {Q1,...,Qk} of the set @ \ {qo} of states of the automaton &/ (P) =
(Q,%,0,q0, F) for the language ¥* P, where

Qi = Def {qh‘+17'~'7qri+1} 9 for i = 17"'7ka

and 71,79, ...,7g+1 are the indices of (uy,ug, ..., ug).

Notice that the labels of the arrows entering the states

Qri+15--+54r;4q >

in that order, form exactly the factor u;, for ¢ = 1,...,k. Hence, if for any
alphabet symbol a we denote by @Q;, the collection of states in (); with an
incoming arrow labeled a, it follows that |Q; 4| < 1 since, by condition (b) of
the above definition of 1-factorization, no two states in (); can have an incoming
transition labeled by the same character. When @); , is nonempty, we write g; 4
to indicate the unique state ¢ of o/ (P) for which ¢ € Q;,, otherwise g; o is
undefined. Upon using ¢; , in any expression, we also implicitly assert that g;
is defined.

For any valid configuration §* (g, Sa) of the automaton &/ (P) on some input
of the form Sa € ¥*, we have that ¢ € 6*(qo, Sa) only if the state ¢ has an in-
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coming transition labeled a. Therefore, Q; N6*(go, Sa) C Q; o and, consequently,
|Qi N d*(qo, Sa)| < 1, for each i = 1,..., k. The configuration §*(go, Sa) can then
be encoded by the pair (D, a), where D is the bit-vector of size k such that D]i]
is set iff ); contains an active state, i.e., Q; N 6*(qo, Sa) # 0, iff ¢; o € 6*(qo, Sa).
Indeed, if i1,42,...,% are all the indices i for which D[i] is set, we have that
0*(q0,5a) = {4i1 .4 Gis.as - - - » Giy,a } holds, which shows that the above encoding
(D, a) can be inverted.

To illustrate how to compute D’ in a transition (D, a) “, (D', ¢) on character
c using bit-parallelism, it is convenient to give some further definitions.

Fori=1,...,k—1, we put u; = u;.first(u;+1). We also put uy = uy and call
each set w; the closure of u;.

Plainly, any 2-gram can occur at most once in the closure w; of any factor of
our 1-factorization (uq, us, ..., ux) of P. We can then encode the 2-grams present
in the closure of the factors u; by a ¢ X ¢ matrix B of k-bit vectors, where the

i-th bit of Bley][cz] is set iff the 2-gram ¢z is present in W; or, equivalently, iff

(last(us) # 1 A Giseo € 0(Gisey,C2))V

i (3.2)
(1 < kAlast(u;) = c1 A Qig1,e5 € (Gie,sC2)) s

for every 2-gram cijco € X2 and i =1,... k.

To properly take care of transitions from the last state in @; to the first state
in Q;41, it is also useful to have an array L, of size o, of k-bit vectors encoding,
for each character ¢ € %, the collection of factors ending with ¢. More precisely,
the i-th bit of Lc] is set iff last(u;) = ¢, fori=1,...,k.

We show next that the matrix B and the array L, which in total require
(0% + o)k bits, are all is needed to compute the transition (D,a) -, (D', ¢) on
character ¢. To this purpose, we first state the following basic property, which

can easily be proved by induction.

Lemma 3.2 (Transition Lemma). Let (D,a) -, (D', ¢), where (D,a) is the
encoding of the configuration §*(qo, Sa) for some string S € ¥*, so that (D', c) is
the encoding of the configuration §*(qo, Sac).

Then, for eachi=1,....k, ¢, € §*(qo,Sac) if and only if either

(i) last(u;) # a, ¢;.q € 0*(qo,Sa), and ¢;c € 6(¢ia,c), or

(i) i > 1, last(ui—1) = a, ¢i—1,4 € 6"(qo, Sa), and ¢; c € 6(¢i—1,4,C)- O
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F-PREPROCESS (P, m)

1. for c € ¥ do S[c] + 0

2. for c € ¥ do L[c] < 0

3. forc,c € £ do Bl][c'] + 0

4. b+ 0,e<+0,k<+ 0

5. while e < m do

6. while e < m and S[Ple]] < k+ 1 do

7. S[Ple]] «+ k+1l,e<e+1

8. fori< b+1toe—1do

) BIP[i — U)(P[i]] « B[Pli — [P} | (1 < k)
10. L[Ple —1]] + L[Ple —1]] | (1 K k)
11. if e < m then
12. B[P[e — 1]][P[e]] < B[Ple — 1]][Ple]] | 1 <« k)
13. b<+e

14. k+—k+1

15. return (B, L, k)

Figure 3.5: Preprocessing procedure for the construction of the arrays B and L relative
to a minimal 1-factorization of the pattern.

Now observe that, by definition, the i-th bit of D’ is set iff ¢; . € 6*(qo, Sac)
or, equivalently by the Transition Lemma and (3.2), iff (for i =1,... k)

(DJi] = 1 A Bld][d][i] = 1 A ~ L]d][i] = 1)V

(i>1AD[i—1]=1ABla][d[i — 1] =1 A L[a][i — 1] = 1) iff
((D & Bla][c] & ~Lla))[i] = 1V (i > 1 A (D & Bla)[c] & Lla])[i — 1] = 1))  iff
((D & Blal[c] & ~ L{a])[i] = 1 V (D & Bla][d] & L[a]) < 1)[i] = 1) iff
((D & Bla[c] & ~ La]) | ((D & Bla][c] & Lla]) < 1))[i] = 1.

Hence D' = (D & Bla][c] & ~ L[a]) | (D & Blal[c] & L]a]) < 1), so that D’ can
be computed by the following bitwise operations:

D <+ D& Bld][¢]
H « D&L[d
D « (D&~H)|(H<1).

To check whether the final state ¢, belongs to a configuration encoded as
(D, a), we have only to verify that gi, = gm. This test can be broken into two
steps: first, one checks if any of the states in Qy, is active, i.e., D[k] = 1; then, one

verifies that the last character read is the last character of uy, i.e., Lla][k] = 1.
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The whole test can then be implemented with the bitwise test
D & 10571 & La] # 0".

The same considerations also hold for the suffix automaton .#(P). The only
difference is in the handling of the initial state. In the case of the automaton
o/ (P), state qp is always active, so we have to activate state ¢; when the current
text symbol is equal to P[0]. To do so it is enough to perform a bitwise or of
D with 0*~!1 when a = P[0], as ¢; € Q;. Instead, in the case of the suffix
automaton .#(P), as the initial state has an e-transition to each state, all the
bits in D must be set, as in the BNDM algorithm.

A drawback of the new encoding is that the handling of the self-loop and of
the acceptance condition is more complex with respect to the original encoding.
However, it is possible to simplify them at the expense of an overhead of at
most two bits in the representation, by forcing the first and last factor in a 1-
factorization to have length 1. Note that the handling of the self-loop is relevant
for the automaton <7 (P) only, while the acceptance condition concerns both the
&/ (P) and .¥(P) automata. In particular, to simplify the handling of the self-

loop, we compute a factorization where the length of the first factor is equal to

1. Let (v1,va,...,v;) be a minimal 1-factorization of P[1..m — 1]; we define the
following 1-factorization (uy,us,...,u;+1) of P, where
Pl0] ifi=1
U; =

Observe that the size of () in the corresponding partition is 1; it follows that to
handle the self-loop one does not need to perform the check a = P[0] but just
perform a bitwise or with 05711, as there is one state only in the first subset and
thus ¢1 , is undefined for all a # PJ[0].

In a similar way, in order to simplify the acceptance condition, we compute a
factorization where the length of the last factor is equal to 1; let {(v1,va,...,v;) be
a minimal 1-factorization of P[0..m — 2]; we define the following 1-factorization

(u,uh, ..., up, ) of P where

Pim—1] ifi=1+1.
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F-Shift-And(P, m, T, n) F-BNDM(P, m, T, n)
1. (B, L,k) + F-PREPROCESS(P, m) 1. (B, L,k) + F-PREPROCESS(P",m)
2. D « 0F 2 jem—1
3. a + T[0] 3 while j < n do
4. for j < 1ton—1 4. i+ 1,10
5. if a = P[0] then D « D | 0%~ 11 5. D« 1%, a « T[j]
6. D + D & Bla][T[j]] 6 while D # 0* do
7. H < D & Lla] 7 if (D & 1071 & L[a]) # 0F then
8. D+ (D& ~H)|(H<K1) 8. if i < m then
9. a + T3] 0. Lo
10. if (D & 10*~1 & L[a]) # 0F 10. else Output(j)
11. then Output(j) 11. D« D & Bla][T[j — 1]
12. H + D & L[ad]
13. D+ (D&~H)|(H<1)
14. a <+ T[j -1
15. i i1
16. jjt+m—1

Figure 3.6: Variants of Shift-And (left) and BNDM (right) based on the 1-
factorization encoding.

In this case, the bitwise and with L[a] in the acceptance condition test is not
needed anymore, as there is only one state in the last subset.

Let k£ be the size of a minimal 1-factorization of P. Plainly, in both cases,
k—1 <[ < k; in particular, if [ = k, we have an overhead of 1 bit. If we combine
the two techniques, the overhead in the representation is of at most two bits.

The preprocessing procedure which builds the arrays B and L described above
and relative to a minimal 1-factorization of the given pattern P € ¥™ is reported
in Fig. 3.5. Its time complexity is O(c? + m). The variants of the Shift-And
and BNDM algorithms based on our encoding of the configurations of the au-
tomata 7 (P) and .7 (P) are reported in Fig. 3.6 (algorithms F-Shift-And and
F-BNDM, respectively). Their worst-case time complexities are O(n[k/w]) and
O(nm[k/w]), respectively, while their space complexity is O(c?[k/w]), where k

is the size of a minimal 1-factorization of the pattern.

3.3.1 ¢-grams based 1-factorization

It is possible to a achieve higher compactness by transforming the pattern into a
sequence of overlapping g-grams and computing the 1-factorization of the result-
ing string. This technique has been extensively used to boost the performance of
several string matching algorithms [36, 60]. More precisely, given a pattern P of

length m defined over an alphabet ¥ of size o, the g-gram encoding of P is the
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string Péq)Pl(q) ...pY

m—q’

defined over the alphabet %7 of the g-grams of X, where
P9 = P[i|Pli+1]...P[i+q—1],

i.e., the pattern is transformed into the sequence of its m — g + 1 overlapping
substrings of length ¢, where each substring Pi(q) is regarded as a symbol be-
longing to 9. Clearly, the size of the 1-factorization of the resulting string is
at least {m;i?fl] Hence, the size of the 1-factorization can be significantly re-
duced by using a g-grams representation. The only drawback is that the space
needed for the tables B and L can grow up to (02¢ + 09)k, where k is the size
of the 1-factorization, if one follows a naive approach. Observe that, for each
pair (P(Q) Pl(_(i)l), with ¢ = 0,...,m — g — 1, the corresponding transition must
be encoded into the table B. However, as we are using overlapping g-grams, we
have that P\7[1..q — 1] C Pz(i)h i.e., the last ¢ — 1 symbols of P\?

the first ¢ — 1 symbols of R(f_l Thus, there is no need to use the full ¢g-gram

are equal to

Pz(fi)l as index in the table, rather we can use only its last symbol. More precisely,
let (uf,ul,...,ul) be a l-factorization of the g-gram encoding of P; we encode
the substrings of length 2¢ (or, equivalently, the 2-grams over 37) present in the
closure of the factors u! by a 9 x ¥ matrix B of k bit vectors, where the i-th bit
of B[C4][cz] is set iff the substring C1.Cy[1..¢q — 1].co is present in ), for every
C1 € X9, ¢y € ¥. This method reduces the space complexity to (c97 4+ 0)k. In
general, however, it is not feasible to use a direct access table for the tables B

and T with this encoding.

For values of o7 still suitable for a direct access table, a useful technique is
to lazily allocate only the rows of B that have at least one nonzero element. Let
gq(P) be the number of distinct g-grams in P; then g4(P) < min(c?,m — g+ 1).
We can have at most g,(P) — 1 nonzero rows in B (there is no transition starting
from the last g-gram), which can be significantly less than ¢?. The resulting
space complexity is then O(c? + (g,(P)o + o)k).

An approach suitable to store the tables B and T, for arbitrary values of ¢,
is to use a hash table, where the keys are the g-grams of the pattern. The main
problem which arises when engineering a hash table is to choose a good hash
function. Moreover, as we require that lookup in the searching phase be as fast
as possible, the hash function must also be very efficient to compute. Since we
are using overlapping g-grams, a given g-gram shares ¢ — 1 symbols with the

previous one. To exploit this redundancy, we need a hash function that allows a
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recursive computation of the hash value of a generic ¢-gram Xb starting from the
hash value of the previous g-gram aX, for | X| € £97! and a,b € ¥. A method
that satisfies such a requirement is hashing by integer division, which has been
used in the Karp-Rabin string matching algorithm [42]. In this case, the hash

function has the following definition

qg—1
h(so,s1,...,8¢q-1) = Z r7 1 tord(s;) mod n, (3.3)
3=0

where the radix r» and n are parameters and ord : ¥ — N is a function that maps
a symbol to a number in the range 0,...,r7 — 1. For a given string s, the hash
values of its overlapping g-grams can then be computed by using the following

recursive definition
L. h(sd) = Z?;é r9=7"ord(s;) mod n

2. h(s]) = (rh(s]_)) + ord(sitq—1) — riord(s;—1)) mod n

fori=1,...,|s| — ¢. The radix r is usually chosen in Z} in such a way that the
cycle length min{k | ¥ = 1 (mod n)} is maximal (if the cycle length is smaller
than the length of the string, permutations of the same string could have the same
hash value). As our domain is the set of strings of fixed length g, in this case it is
enough to ensure that the cycle length is at least g. Another possibility would be
to use hashing by cyclic polynomial, which is described in [26] together with an
in-depth survey of recursive hashing functions for g-grams. The space complexity
of this approach is O(gq(P)((0 + 1)k + q)). If we handle collisions with chaining,
the time complexity gets an additional multiplicative term equal to (1 + «)g,
where « is the load factor. The ¢ term in both the space and time complexities is
due to the fact that, for each inserted g-gram, we have to store also the original
string and, on searching, when an entry’s hash matches, we have to compare the
full g-gram. For small values of ¢, this overhead is negligible. If glogo € O(w),
where w is the word size in bits, the check can be performed in constant time by
storing in the hash table, for each inserted g-gram sgsi,...,sq—1, its signature
h(so,$1,...,8¢4-1), with r = ¢ and n = 09, instead of the original string and
then computing incrementally the signatures of the g-grams of the text as shown

above.
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3.3.2 Experimental evaluation

In this section we present and comment the experimental results relative to an
extensive comparison of the BNDM and F-BNDM algorithms and of the Shift-And
and F-Shift-And algorithms. In particular, in the BNDM case we have imple-
mented two variants for each algorithm, named single word and multiple words,
respectively. Single word variants are based on the automaton for a suitable sub-
string of the pattern whose configurations can fit in a computer word; a naive
check is then used to verify whether any occurrence of the subpattern can be
extended to an occurrence of the complete pattern: specifically, in the case of the
BNDM algorithm, the prefix pattern of length min(m, w) is chosen, while in the
case of the F-BNDM algorithm the longest substring of the pattern which is a
concatenation of at most w consecutive factors is selected. Multiple words vari-
ants are based on the automaton for the complete pattern whose configurations
are splitted, if needed, over multiple machine words. The resulting implemen-
tations are referred to in the tables below as BNDM* and F-BNDM*.We also
implemented versions of F-BNDM, named F-BNDM,, that use the ¢g-grams based
1-factorization, for ¢ € {2,3,4}. g-grams are indexed using a hash table of size
212 with collisions resolution by chaining; the hash function used is (3.3), with

parameters r = 131 and n = 2%.

We have also included in our tests the LBNDM algorithm [59]. When the
alphabet is considerably large and the pattern length is at least two times the
word size, the LBNDM algorithm achieves larger shift lengths. However, the time
for its verification phase grows proportionally to m/w, so there is a treshold

beyond which its performance degrades significantly.

For the Shift-And case, only test results relative to the multiple words variant
have been included in the tables below, since the overhead due to a more complex
bit-parallel simulation in the single word case is not paid off by the reduction of

the number of calls to the verification phase.

The main two factors on which the efficiency of BNDM-like algorithms de-
pends are the maximum shift length and the number of words needed for repre-
senting automata configurations. For the variants of the first case, the shift length
can be at most the length of the longest substring of the pattern that fits in a
computer word. This, for the BNDM algorithm, is plainly equal to min(w,m):
hence, the word size is an upper bound for the shift length whereas, in the case of

the F-BNDM algorithm, it is generally possible to achieve shifts of length larger
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Algorithm 32 64 128 256 512 1024 2048 4096

LBNDM 244 146 1.13 0.77 0.62 0.55 1.94 10.81
BNDM 230 233 235 2.34 2.35 2.34 2.33 2.33
BNDM* 244 277 238 2.21 2.05 2.25 291 5.40
F-BNDM 244 162 1.27 1.03 1.03 0.99 0.98 0.93

F-BNDM* 253 164 1.23 1.72 1.49 1.50 1.60 2.44
F-BNDM, 3.26 224 163 1.04 0.68 0.67 0.68 0.68
F-BNDMs; 249 161 1.26 0.84 0.59 0.55 0.55 0.56
F-BNDM4 2.29 137 1.05 0.70 0.53 0.51 0.57 0.58
Shift-And* 8.85 51.45 98.42 142.27 264.21 508.71 997.19 1976.09
F-Shift-And* | 22.20 22.20 22.21 92.58 147.79 213.70 354.32 662.06

Table 3.1: Running times (ms) on the King James version of the Bible (o = 63).

Algorithm 32 64 128 256 512 1024 2048 4096

LBNDM 1.24 084 0.60 0.48 0.38 0.52 7.83 36.84
BNDM 1.34 135 1.37 1.37 1.36 1.34 1.36 1.36
BNDM* 1.39 148 1.22 1.22 1.12 1.25 1.80 4.18
F-BNDM 1.19 0.77 0.56 0.49 0.48 0.48 0.48 0.47

F-BNDM* 1.36 0.84 0.83 0.89 0.77 0.79 1.00 1.92
F-BNDM, 142 096 0.67 048 0.35 0.35 0.36 0.36
F-BNDM3 1.26 0.71 047 0.32 0.32 0.40 0.63 0.76
F-BNDM4 1.36 0.71 0.45 0.30 0.30 0.40 0.73 2.92
Shift-And* 6.33 3841 70.59 104.42 189.16 362.83 713.87 1413.76
F-Shift-And* | 15.72 15.70 40.75 73.59 108.33 170.52 290.24 541.53

Table 3.2: Running times (ms) on a protein sequence of the Saccharomyces cerevisiae
genome (o = 20).

than w, as our encoding allows to pack more state configurations per bit on the
average as shown in a table below. In the multi-word variants, the shift lengths
for both algorithms, denoted BNDM* and F-BNDM*, are always equal, as they
use the same automaton; however, the 1-factorization based encoding involves
a smaller number of words on the average, especially for long patterns, thus
providing a considerable speedup.

The tests have been performed on a 2.33 GHz Intel Core 2 Duo. We used the
input files (i), (iii), (iv) (see Section 2.6).

For each input file, we have generated sets of 100 patterns of fixed length
m randomly extracted from the text, for m ranging over the values 32, 64, 128,
256, 512, 1024, 2048, 4096. For each set of patterns we report the mean over the
running times of 100 runs.

Concerning the BNDM-like algorithms, the experimental results show that in
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Algorithm 32 64 128 256 512 1024 2048 4096

LBNDM 3.90 2.88 2.78 8.63 90.43 109.34 101.86 98.87
BNDM 3.03 3.02 3.02 3.01 3.01 3.02 3.02 3.03
BNDM* 3.256 458  4.23 3.89 3.42 3.56 4.27 6.72
F-BNDM 4.44 247  2.25 2.19 2.13 2.10 2.08 2.06

F-BNDM* 4.20 2.85 4.20 3.15 2.85 2.78 3.23 4.89
F-BNDM. 717 4.40 2.97 2.64 2.59 2.58 2.59 2.60
F-BNDM3; 5.13  3.38 2.53 1.50 1.33 1.42 1.33 1.31
F-BNDM4 3.29 2.22 1.99 1.24 0.84 0.76 0.77 0.77
Shift-And* 10.19 59.00 93.97 162.79 301.55 579.92 1131.50 2256.37
F-Shift-And™ | 25.04 42.93 114.22 167.11 281.37 460.37 839.32 1728.71

Table 3.3: Running times (ms) on a DNA sequence of the Escherichia coli genome
(0 =14).

(A)| ecoli protein bible (B)| ecoli protein bible (C)| ecoli protein bible

32 32 32 32 32| 15 8 6 32| 213  4.00 5.33
64| 63 64 64 64 29 14 12 64 2.20 4.57 5.33
128 72 122 128 128 59 31 26 128 2.16 4.12  4.92
256 74 148 163 256 119 60 50 256 2.15 4.26 5.12

512 77 160 169 512 236 116 102 512 2.16 4.41 5.01
1024| 79 168 173 1024| 472 236 204 1024 2.16 4.33  5.01
1536 80 173 176 1536| 705 355 304 1536 2.17 4.32  5.05
2048| 80 174 178 2048| 944 473 407 2048| 2.16 432 5.03
4096| 82 179 182 4096| 1882 951 813 4096| 2.17 430 5.03

Table 3.4: (A) The length of the longest substring of the pattern fitting in w bits; (B)
the size of the minimal 1-factorization of the pattern; (C) the ratio between m and the
size of the minimal 1-factorization of the pattern.
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the case of long patterns both variants based on the 1-factorization encoding are
considerably faster than their corresponding variants BNDM and BNDM*. In
the first test suite, with ¢ = 63, the LBNDM algorithm turns out to be faster
than F-BNDM, except for very long patterns, as the treshold on large alphabets
is quite high. In the second test suite, with o = 20, LBNDM is still competitive
but, in the cases in which it beats the F-BNDM algorithm, the difference is small.
In almost all the tests, the g-grams versions of F-BNDM achieve the best running
times. It is worth observing that, in the case of file (ii), the number of distinct
g-grams in the patterns is very high on average, and thus a small value of ¢ yields
more stable results. Instead, in the case of file (iii), where the alphabet size is
small and thus also the number of distinct g-grams is small, the version with
q = 4 is the fastest one. It turns out that F-BNDMy is the fastest algorithm also
in the case of file (i) (natural language), where, despite the large alphabet size,
the number of distinct g-grams in the patterns is small on average.

Likewise, the F-Shift-And variant is faster than the classical Shift-And algo-

rithm in all cases, for m > 64.

3.4 Increasing the parallelism in bit-parallel al-

gorithms

In this section we present two different approaches which lead to a higher level of
parallelism in bit-parallel algorithms. By way of demonstration we apply them
to a bit-parallel version of the Wide-Window algorithm,! but our approaches can
be applied to other (more efficient) solutions based on bit-parallelism as well.

The two approaches can be summarized as follows:

e first approach: if the algorithm searches for the pattern in fixed-size text
windows then, at each attempt, process simultaneously two (adjacent or
partially overlapping) text windows by using in parallel two copies of the

same automaton;

e second approach: if each search attempt of the algorithm can be di-
vided into two steps (which possibly make use of two different automata)
then execute simultaneously the two steps, by running the two automata

in parallel.

IWe chose the Wide-Window algorithm in our case study since its structure makes its paral-
lelization simpler.
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(A) The Bit-Parallel Wide-Window algorithm

(B) The Bit-(Parallel)? Wide-Window algorithm
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Figure 3.7: Structure of a searching iteration at a given position j in the text ¢ of (A)
the ByW,, algorithm, (B) the B2 W,, algorithm, and (C) the ByW2 algorithm.

Both variants use the SIMD (Single Instruction Multiple Data) paradigm.
This approach, on which vectorial instructions sets like MMX and SSE are based,
consists in executing the same instructions on multiple data in a parallel way.
Tipically, a register of size w is logically divided into ¢ blocks of k bits which are
then updated simultaneously.

In both variants of the BW,, algorithm, we divide a word of w bits into two
blocks, each being used to encode a suffix automaton. Thus, the maximum length
of the pattern gets restricted to |w/2]. We denote with B the array of bit masks
encoding the suffix automaton .(p) and with C the array of bit masks encoding
the suffix automaton . (p").

3.4.1 The Wide-Window Algorithm

The Wide-Window algorithm, (WW, for short) [37], is a recent algorithm for
the string matching problem based on the suffix automaton. In the following
description we slightly depart from its original version so as to make the algorithm
parallelizable in ways that will be explained later. Let p be a pattern of length
m and let ¢ be a text of length n. The WW algorithm locates |n/m| attempt
positions in t, namely positions j = km — 1, for k = 1,...,[n/m]. For each such
position j, the pattern p is searched for in the attempt window of size 2m — 1

centered at j, i.e., in the substring t[j —m + 1..j + m — 1]. Each of such search
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phases is divided into two steps.

In the first step, the right side of the attempt window, consisting of the last
m characters, is scanned from left to right with the automaton .#(p). In this
step, the starting positions (in p) of the suffixes of p aligned with position j in ¢

are collected in a set
S;j={0<i<m|pli.m-1=tj..j+m—1—1i}.

In the second step, the left half of the attempt window, consisting of the first m
symbols, is scanned from right to left with the automaton .#(p”). During this
step, the end positions (in p) of the prefixes of p aligned with position j in ¢ are

collected in a set
P;i={0<i<m]|p0.i]=tj—i.j]}.

Taking advantage of the fact that an occurrence of p is located at position (j — k)
of ¢t if and only if £ € §; NPy, for K = 0,...,m — 1, the number of all the
occurrences of p in the attempt window centered at j is readily given by the
cardinality |S; N P;].

Figure 2(A) shows a simple schematization of the structure of an iteration
of the WW algorithm at a given position j in ¢. The two sequential phases are

represented by the arrows labeled 1 and 2, respectively.

It is straightforward to devise a bit-parallel implementation of the WW algo-
rithm. The sets P and S can be encoded by two bit masks P and S, respectively.
The nondeterministic automata .#(p) and . (p") are then used for searching the
suffixes and prefixes of p on the right and on the left parts of the window, respec-
tively. Both automata state configurations and the final state configuration can
be encoded by the bit masks D and M = (1 <« (m —1)), so that (D & M) # 0 will
mean that a suffix or a prefix of the search pattern p has been found, depending
on whether D is encoding a state configuration of the automaton .#(p) or of the
automaton . (p”). Whenever a suffix (resp., a prefix) of length (¢ + 1) is found
(with £=0,1,...,m — 1), the bit S[m — 1 — £] (resp., the bit P[{]) is set by one

of the following bitwise operations:

S « S| (D&M)>1) (in the suffix case)
P « P | (D&M)>» (m—1-1¢)) (in the prefix case).



36 The string matching problem

If we are only interested in counting the number of occurrences of p in t,
we can just count the number of bits set in (S & P). This can be done in
log,(w) operations by using a population count function, where w is the size
of the computer word in bits (see [7]). Otherwise, if we also want to retrieve
the matching positions of p in ¢, we can iterate over the bits set in (S & P) by
repeatedly computing the index of the highest bit set and then masking it.

The resulting algorithm based on bit-parallelism is named Bit-Parallel Wide-
Window algorithm (B,W,,, for short). It needs [m/w]| words to represent the bit
masks D, S, P, and BJ¢], for ¢ € X. The worst-case time complexity of the BpW,,
algorithm is O(n[m/w] + [n/m]logy(w)).

Additionally, we observe that the BpW,, algorithm can be easily modified so
as to work on windows of size 2m. For the sake of clarity, we have just discussed

a simpler but slightly less efficient variant.

3.4.2 The Bit-Parallel (Wide-Window)? Algorithm

In the first variant, named Bit-Parallel (Wide-Window)? (B,W3, for short), two
partially overlapping windows in ¢, each of size 2m — 1, centered at consecutive
attempt positions 7 — m and j, are processed simultaneously. For the parallel
simulation two automata are represented in a single word and updated in parallel.

Specifically, each search phase is divided again into two steps. During the
first step, two copies of .7 (p) are operated in parallel to compute simultaneously
the sets S;_,, and S; (lines 13-18). Likewise, in the second step, two copies of
& (p") are operated in parallel to compute the sets P;_,, and P; (lines 20-25).
To represent the automata with a single word, the bit masks D, M, S, and P are
logically divided into two blocks, each of k = w/2 bits.

During the first step, the most significant k bits of D encode the state of the
suffix automaton .7 (p) that scan the attempt window centered at j—m. Similarly,
the least significant k bits of D encode the state of the suffix automaton .7 (p)
that scans the attempt window centered at j. An analogous encoding is used in
the second step, but with the automaton .#(p") in place of .#(p). Figure 2(C)
schematizes the structure of a search iteration of the BpWg algorithm, at given
attempt positions j —m and j of ¢.

The most significant k bits of the bit mask S (resp., P) encode the set S;_,
(resp., Pj_m), while the least significant & bits encode the set S; (resp., Pj).
Thus, to properly detect suffixes in both windows, the bit mask M is initialized
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(lines 8-9) with the value
M— (1l (m+k-1)| (1< (m—-1))

and transitions of the automata are performed in parallel with the following

bitwise operations (lines 14-15 and lines 21-22)

D+ (D<) & ((B[t[j —m+{]] < k) | B[t[j + £]]) (in the first phase)
D+« (D<) & ((Ctlj —m — 1)) < k) | C[tls — 1) (in the second phase),

for £=1,...,m —1 (when ¢ = 0, the left shift of D does not take place).

The remaining bitwise operations are left unchanged, as the automata con-
figurations are updated using the same instructions. Since two windows are
simultaneously scanned at each search iteration, the shift becomes 2m, there-
fore doubling the length of the shift with respect to the WW algorithm. The
pseudocode of the algorithm BPW\,% is reported in Fig. 3 (on the left).

3.4.3 The Bit-(Parallel)> Wide-Window Algorithm

The second variant of the WW algorithm which we present next is called Bit-
(Parallel)? Wide-Window algorithm (B3 Wy, for short). The idea behind it consists
in processing a single window at each attempt (as in the original WW algorithm)
but, in this case, by scanning its left and right sides simultaneously. Figure 2(B)
schematizes the structure of a searching iteration of the BZW,, algorithm, while
Fig. 3 (on the right) shows the pseudocode of the B2 W,, algorithm.

As above, let p be a pattern of length m, and ¢ be a text of length n. The
bit masks B and C which are used to perform the transitions on both automata
& (p) and . (p") are computed as in the BpW,, algorithm (lines 3-7).

Automata state configurations are again encoded simultaneously in a bit mask
D. Specifically, the most significant k bits of D encode the state of the suffix au-
tomaton .7 (p), while the least significant & bits of D encode the state of the suffix
automaton . (p"). The BE)WW algorithm uses the following bitwise operations to

perform transitions? of both automata in parallel (lines 14-15,17):
D« (D<) & ((Bltlj + 4] < k) [ C[t[j —4]),

for £ =1,...,m — 1. Note that in this case the left shift of k positions can be
precomputed in B by setting Blc] < Blc] < k, for each ¢ € 3.

2For £ = 0, D is simply updated by D < D & ((B[t[j +1]] < k) | C[t[j — 1]])-
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Using the same representation, the final-states bit mask M is initialized as
M—(1l<(m+k-1) (1< (m-1)) (lines 8-9).

At each iteration around an attempt position j of ¢, the sets S; and P} are
computed, where §; is defined as in the case of the BpW,, algorithm, and P; is
defined as Pf = {0 <i <m | p[0..m —1—i] =t[j — (m —1—1d)..j]}, so that
Pi={0<i<m|(m—-1-i)eP;}.

The sets §; and P; can be encoded with a single bit mask PS, in the right-
most and leftmost & bits, respectively. Positions in §; and P} are then updated

simultaneusly in PS by executing the following operation (line 16):
PS«PS|((D&M)>1).

At the end of each iteration, the bit masks S and P are retrieved from PS with

the following bitwise operations (lines 19-20):
P < reverse(PS) > (w —m), S+—PS>k,

where reverse denotes the bit-reversal function, which satisfies reverse(x)[i] =
xlw—1—1], for i =0,...,w—1 and any bit mask x. In fact, to obtain the correct
value of P we used bit-reversal modulo m, which has been easily achieved by right
shifting reverse(PS) by (w —m) positions. We recall that the reverse function can

be implemented efficiently with O(log,(w)) operations (see [7]).

3.4.4 Experimental evaluation

We present the results of an extensive experimental comparison of our proposed
variants BgWW and B,,W\,Zv with the B,W,, and BNDM algorithms. In particular,
we have tested two different implementations of the Bg W,, and BPW\% algorithms,
characterized by a different implementation of the population-count function.
One implementation uses the built-in version of the GNU C compiler (algorithms
BZW,, and B,W3), while the second implementation uses the population-count
function described in [7] (algorithms B2 W, and ByW3*). We compared the

following string matching algorithms, in terms of running times:
e the Bit-Parallel Wide-Window algorithm (BpW,,)
e the Bit-(Parallel)® Wide-Window algorithm (B2 W,)

e the Bit-(Parallel)®> Wide-Window algorithm with bit-count (B3 W)
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Bit-Parallel (Wide-Window)? (p, m,t,n) Bit-(Parallel)?> Wide-Window (p,m, t,n)

1. count <~ 0 1. count <~ 0
2. k+ w/2 2. k<« w/2
3. for c € ¥ do B[c] + 0™ 3. for c € ¥ do B[c] +- 0™
4. for c € ¥ do C[c] + 0™ 4. for c € ¥ do C[c] < 0™
5. for i<+ 0tom —1do 5. for i<+ 0tom —1do
6. Blpld]] « B[p[] | (0™ '1 < i) 6. Blpldl] « Bp[i] | (0™ '1 < (k + 1))
7. c+pm—1-—1 7. c+pm—1—1
8. Cle] + Clc] | (0™ 11 <« 4) 8. Cle] «+ Cle] | (0™~ 11 < 4)
9. H+ 10m 1 9. H« 10m !
10. M+~ (HK k) |H 10. M« (H<Kk)|H
11. j«+2m—1 11. j+ m-—1
12. while j <n —m do 12. while j < n —m do
13. D+ 1™,1+ 0,S<+ 0™ 13. D« 1™,1+ 0,PS« 0™
14. while D # 0™ do 14. while D # 0™ do
15, He Bllj—m+0<k) |BEG+1] 15 H< Cl[j — 1) | B[l + 1]
16. D+~ D&H 16. D+ D&H
17. S« S|((D&M)>1) 17. PS<«+ PS| ((D& M) >1)
18. D+DxK1 18. D+DK1
19. l+1+1 19. l+—1+1
20. D« 1,1+ 0,P«~ 0™ 20. P < reverse(PS) > (w — m)
21. while D # 0™ do 21. S+ PS>k
22. H«+ (Cit[j —m —1]] < k) | C[t[s — 1] 22. count < count + popcount(P & S)
23. D+ D&H 23. j—j+m
24. P+<P|(D&M)>»(m—-1-1))
25. D+~DxK1
26. l+—1+1

27. count < count + popcount(P & S)
28. Jj4—J+2m

Figure 3.8: The Bit-Parallel (Wide-Window)? algorithm (left) and the Bit-(Parallel)?
Wide-Window algorithm (right) for the string matching problem.

e the Bit-Parallel (Wide-Window)? algorithm (B,Wg2)
e the Bit-Parallel (Wide-Window)? algorithm with bit-count (B,Wg2 ™)
e the Backward-Nondeterministic-DAWG-Matching algorithm (BNDM) .

The tests have been performed on a 1.66 GHz Intel Core 2 Duo.
ticular, all algorithms have been tested on seven Rando problems, for ¢ =
2,4,8,16,32,64, 128, where a Rando problem consists of searching a set of 400

In par-

random patterns of a given length in a 5Mb random text over a common alphabet
of size o, with a uniform character distribution.

Only short patterns of length m = 2,4,6, 8,10, 12, 14, 16 have been considered
in our tests, since the bit size of a word was, in our case, 32. However, the same
approach could be applied with 64-bit processors or using Intel Processors with
SSE instructions on 128 bit registers, to process patterns up to lengths of 32
and of 64, respectively. Moreover, we observe that [2m/w] different words could

be used for representing our suffix automata for longer patterns, overcoming the
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Algorithm 2 4 6 8 10 12 14 16

BoWyw 81.65 63.40 52.12 44.25 38.15 33.42 30.07 27.10
B2 W, 7750 48.15 33.22 25.55 21.17 18.30 16.22 14.60
B2 Whe 64.22 45.55 35.35 28.75 24.30 21.07 18.65 16.72
BoWa 90.57 70.07 55.45 45.52 38.30 33.15 29.17 26.85
BoW3 Be 65.97 56.67 47.85 40.45 34.92 30.67 27.45 25.65
BNDM 69.07 54.57 41.05 30.80 24.45 20.15 17.20 15.00

Table 3.5: Running times for a Rand2 problem.

Algorithm 2 4 6 8 10 12 14 16

BoW., 61.57 38.12 27.80 22.15 1855 15.92 14.02 12.55
B2 W,, 52.70 31.17 23.27 18.67 15.57 13.40 11.82 10.62
B2 Wee 50.35 34.27 26.00 20.75 17.27 14.82 13.05 11.65
BoW3 64.50 38.62 27.92 2195 1797 15.22 13.27 11.92
BpWa ke 55.77 37.55 27.62 21.72 18.00 15.40 13.55 12.22
BNDM 55.55 31.20 21.57 16.62 13.70 11.70 10.20 9.05

Table 3.6: Running times for a Rand4 problem.

bound on the value of m though at the price of an increased running time.

In the following tables, running times are expressed in milliseconds. The best
results among all bit-parallel WW variants have been boldfaced and underlined.
Additionally, running times relative to the BNDM algorithm have been boldfaced
and underlined when the BNDM algorithm outperforms the other algorithms.

The experimental results show that the algorithms obtained by applying a
second level of parallelism perform always better then the original B,W,, algo-

rithm. The gap is more evident in the case of short patterns or small alphabets.

Algorithm 2 4 6 8 10 12 14 16

BoW., 42.27 2735 1997 1537 1237 1035 8.92 7.90
B2 W,, 37.57 23.45 1732 13.75 11.52 10.05 895 8.07
Bj W< 37.82 25.22 18.60 14.75 1232 10.72 9.52 8.60
B.Wa 40.77 2390 16.47 12.62 10.32 8.90 7.82 7.07
BWa B 39.85 2492 1722 1310 10.75 9.20 8.15 7.32
BNDM 36.92 23.65 16.77 12.45 9.92 8.12 6.97 6.10

Table 3.7: Running times for a Rand8 problem.
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Algorithm 2 4 6 8 10 12 14 16
BoWy 35.37 20.40 1547 12.75 10.82 9.27 8.07 6.95
B2 W, 25.82 18.50 14.50 11.42 9.40 7.87 6.77 5.90
B2 Woe 26.50 19.35 15.15 11.85 9.82 820 7.10 6.20
BoWo 27.85 17.35 12.90 9.92 7.97 6.57 5.62 4.85
BoW2 be 28.27 18.12 1342 10.32 827 6.82 5.80 5.02
BNDM 26.50 169.0 13.20 10.85 9.10 7.70 6.60 5.72

Table 3.8: Running times for a Rand16 problem.
Algorithm 2 4 6 8 10 12 14 16
BoW,, 27.37 16.07 11.92 9.82 850 7.60 6.85 6.27
B2W,, 19.15 13.65 11.47 9.57 8.15 7.15 6.30 5.60
B2 Wee 19.70 14.05 11.90 9.80 845 7.35 6.42 5.67
BoW2 21.50 12.90 9.87 8.20 7.05 6.10 5.35 4.62
BW2 be 21.95 13.25 10.12 832 7.20 6.25 547 4.75
BNDM 21.87 12.82 9.80 8.20 7.20 6.45 5.82 5.27

Table 3.9: Running times for a Rand32 problem.
Algorithm 2 4 6 8 10 12 14 16
BoWay 25.00 13.67 985 795 6.75 5.95 537 4.92
B2 W, 16.00 10.70 890 7.50 6.52 5.97 540 5.02
B2 Wi 16.27 11.15 9.15 7.50 6.75 6.05 5.42 5.00
BoW2 18.42 10.42 7.70 6.32 5.52 4.95 4.50 4.12
BpW2 be 18.60 10.57 7.82 6.42 557 4.97 455 4.17
BNDM 19.75 1090 7.92 6.42 5.52 4.95 4.50 4.17

Table 3.10: Running times for a Rand64 problem.
Algorithm 2 4 6 8 10 12 14 16
B W, 23.85 12.62 8.82 6.92 5.80 5.00 4.45 4.02
B2 W,, 14.57 9.27 735 6.15 5.30 4.90 435 4.15
B2 Wpe 14.80 9.60 7.60 6.15 5.47 490 4.30 4.10
B.Wa 16.82 9.12 6.52 5.25 4.42 3.92 3.60 3.30
BW2 be 16.90 9.20 6.57 5.25 4.50 3.97 3.60 3.30
BNDM 18.72 9.95 7.02 5.55 4.67 4.07 3.65 3.35

Table 3.11: Running times for a Rand128 problem.

41
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In particular the BE,WW algorithm achieves its best performances with small al-
phabets, while the B,Wg algorithm turns out to be the best choice for patterns
with a length greater than 4. The BNDM algorithm obtains the best results in
some cases and performs always better than the B,W,, algorithm. It is interesting
to observe that the BNDM algorithm is slower than the B3 W,, algorithm when
the alphabet is small and by the B,Wg algorithm in the case of large alphabets.



Chapter 4

The multiple string

matching problem

Given a set P of r patterns and a text T of length n, all strings over a com-
mon finite alphabet ¥ of size o, the multiple string matching problem consists
in finding all the occurrences in T of the patterns in P. The optimal average
complexity of the problem is O(nlog, (rlmnin)/lmin) [54], where L.y, is the length
of the shortest pattern in the set P.

The first linear solution of the multiple string matching problem based on
finite automata is due to Aho and Corasick [1]. The Aho-Corasick algorithm
uses a deterministic incomplete finite automaton based on the trie for the input
patterns and on the failure function, a generalization of the border function of
the Knuth-Morris-Pratt algorithm [47]. The lower bound on average has been
achieved by algorithms based on the suffix automaton induced from the DAWG
data structure, namely the MultiBDM [29] and the SBDM algorithms [57], which
are generalizations of the BDM [30] algorithm to the multiple pattern case.

In this chapter we focus on automata based solutions of this problem and, in
particular, on the efficient simulation of the nondeterministic automaton for the
language |Jpp X*P induced from the trie data structure for P (Aho-Corasick
NFA, for short) and for the nondeterministic automaton relative to the language
Upep Suff (P) of all the suffixes of the strings in P induced from the DAWG data
structure for P (suffix NFA, for short).

In the previous chapter we have introduced the bit-parallelism technique [8] to
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simulate efficiently simple nondeterministic finite automata for the single pattern
case. In particular, we have seen that, to represent an automaton configuration
as a bit-vector, the states of the automaton must be mapped onto the positions
of a bit-vector by a suitable topological ordering of the NFA.! In the case of a
single pattern, the construction of the topological ordering is quite simple since
it is unique.

Appropriate topological orderings can be obtained also for the maximal trie
of a set of patterns, by interleaving the tries of the single patterns in either a
parallel fashion, under the constraint that all the patterns have the same length
[68], or in a sequential fashion [56]. The Shift-And and BNDM algorithms can
be easily extended to the multiple patterns case by deriving the corresponding
automaton from the maximal trie of the set of patterns. The resulting algorithms
have a O(o[size(P)/w])-space complexity and work in O(n[size(P)/w]) and
O(n|size(P)/w]lmin) worst-case searching time complexity, respectively, where
size(P) = > pep |P| is the sum of the lengths of the strings in P and w is the
size of a computer word.

In both cases the bit-parallel simulation is based on the following property
of the topological ordering m associated to the trie which allows to encode the
transitions using a shift of k bits and a bitwise and: for each edge (p,q) the
distance 7(¢q) — m(p) is equal to a constant k. For an in-depth survey on this
topic the reader is referred to [19].

The problem which arises when trying to bit-parallel simulate the Aho-Corasick
NFA and the suffix NFA is that, in general, there might be no topological ordering
7 such that, for each edge (p,q), the distance 7(q) — m(p) is fixed. Cantone
and Faro [19] presented a bit-parallel simulation of the Aho-Corasick NFA that
encodes variable length shifts using the carry property of addition and based on a
particular topological ordering; however, such topological orderings do not always
exist. Their algorithm has a O(c[m/w])-space and O(n[m/w])-searching time
complexity, where m is the number of nodes in the trie.

In this chapter we present an efficient bit-parallel simulation of the Aho-
Corasick NFAs and suffix NFAs. Our construction is based on Lemma 3.1 pre-
sented in Section 3.2. We show that, by exploiting the relation between active
states of the NFA and its associated failure function, it is possible to represent

the ®(-) map in polynomial space.

IWe recall that a topological ordering of an NFA is any total ordering < of the set of its
states such that p < g, for each edge (p, q) of the NFA.
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Multiple-Shift-And (T', P = {P1,..., Pr})
n <« |T|
L « size(P)
for c € ¥ do BJ[c] + 0F
7+0
I+ M+ 0F
for k< 1 tor do

for i + 0 to |Px| — 1 do

BIP,[i]] « BIP:li]] | (0511 < (j +14)

9. I« TI|(0F11«y)
10, M+« M| (011 <« (§+|P| — 1))
1. j+j+|Pl
12. D+ 0F
13. for j < 0ton—1do
14. D+« ((Dk1)|I)& B[T[j]]
15.  if D & M # 0L then Output(j)

i A o

Figure 4.1: The Multiple-Shift-And algorithm.

4.1 Bit-parallelism for multiple string matching

The existing variants of the Shift-And and BNDM algorithms that search for a set
P ={Py,..., P} of patterns, using bit-parallelism, are based on the mazimal trie
of P. The number of states of T2** is given by |Q7ye| = Sy Q7| —7+1=
size(P)+1, so that it can be represented by a bit-vector of L = size(P) bits. The
states of 75" are mapped onto positions in the bit-vectors through a bijection
T Qrge — {0,1,...,[@7ype| — 1}. The arrangement consists in concatenating
the different branches of the maximal trie of P in a sequential fashion. More
precisely, for each pattern P;, the positions in 7 of the states {qi, ¢3, ... ’quPil} of
the trie Tp, are defined as

i—1
nlgh) = Y|Py + &
j=0

for k =1,...,|P;]. As we have r final states, the final-state bit mask is defined
as
M = (10P0=1)(10lP21=1) ... (10!Fr1=1)

The automaton for the language >*P can be easily obtained from the maxi-
mal trie of P by adding a self-loop on ¥ on the initial state. The variant of
Shift-And for the multiple string matching problem, named Multiple-Shift-And,
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has O(n|size(P)/w]) worst-case searching time complexity and O(o | size(P)/w])
space complexity. In this case the initial state of the automaton can activate the
r states corresponding to the first symbol of each pattern; correspondingly, the

bitwise or with 0©~11 must be changed to a bitwise or with the following bit mask
I = (olPllfll)(Ole\fll)...(olPr\fll),

The pseudocode of the Multiple-Shift-And algorithm is reported in Fig. 4.1.
Likewise, the suffix automaton for the language Suff (P) can be obtained from
the maximal trie by adding an e-transition from the initial state to every other
state. The variant of BNDM for the multiple string matching problem, named
Multiple-BNDM, has O(n[size(P)/w]lmin) worst-case searching time complexity
and O(o|[size(P)/w])-space complexity. It uses the maximal trie Tp;  built on
the prefixes of the reversed patterns of length I,,,;, to maximize the shift, where
lmin is the length of the shortest pattern. The pseudocode of the Multiple-BNDM
algorithm is reported in Fig. 4.2; for the sake simplicity in the pseudocode it is

assumed that all the patterns have the same length [.

4.2 The Aho-Corasick NFA

The Aho-Corasick NFA for a set P of patterns over an alphabet ¥ is induced
directly by the trie Tp for P. More precisely, it is the NFA Ap = (Q, %, 54, qo, F),

where:
e () is the set of nodes of Tp (the set of states);
e o € Q is the root of Tp (the initial state);

e 04:Q xX — P(Q) is the transition function, with

{pe@|blp)=c}tU{qp} fqg=q

54(q,¢) =pef { {peqQ|blp)=bl(g).c} ifq+#qo,

for ¢ € Q, ¢ € 3, and where we recall that Z?(-) denotes the powerset
operator;
o FF =_.{q€Q]|Ibl(q) € P} is the set of final states.

Plainly, we have |Q| < > pcp |P].
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Multiple-BNDM (T, P = {P1,..., P-})

n <« |T|

L + size(P)

for c € ¥ do BJc] + 0F

7«0

C+ M+ oF

for kK« 1 tor do
fori+0Otol—1do

C Pk[l —1- 7,]
Blc] + B[d] | (05711 < (j + 1))

C + C|(ok—t1l-1o <« j)
M« M|OF1<(G+1-1))
j—g+l1

L l—1

while j < n do

15. k< 0,last + 0

16. D+ 1L

17.  while D # 0L do

18. D+ D & B[T[j — k]]

19. k+—k+1

20. if D & M # 0L then

21. if £ <[ then

22. last < k

23. else Output(j)

24. D+ (Dk1)&C

25. j—j+1—last

PN DO W

= =
b= oo

Figure 4.2: The Multiple-BNDM algorithm.

We also associate with the NFA Ap a failure function fail : Q \ {qo} — Q
such that

o [bl(fail(q)) 2 1bl(q), and
o len(fail(q)) > len(p), for each p € @ such that Ibl(p) 1 Ibl(q)

In other words, Ibl(fail(q)) is the longest proper suffix of bl(g) which is also a
prefix of a string in P.

The automaton Ap can be seen as the nondeterministic version of the Aho-
Corasick automaton: this is a trie 7p for a set of patterns P augmented with
failure links, which are followed when no transition is possible on a text character
(cf. [1]).

An immediate, yet useful, property of the Aho-Corasick NFA, which can be

readily proved by induction, is the following

qo € 0% (qo,u), for every u € X*. (4.1)
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q fail
q0

q1 q0
q2 q0
q3 q1
q4 q2
g5 q0
qde6 q0
q7 q1
qs de
99 q7
q10 46
q11 q0

Figure 4.3: Aho-Corasick NFA for the set of strings {gcgca,gtgtg,gcgte}.

The Aho-Corasick NFA Ap = (Q,%,04,qo, F) relative to a given set P of
patterns can be used to find the occurrences of the patterns of P in a given
text T', by observing that a pattern P € P has an occurrence in 7' ending at
position i, i.e., P O T;, if and only if 6% (qo, T'[0..]) contains a final state ¢ € F'
such that Ibl(q) = P. Thus, to find all the occurrences in T of the patterns
of P, it suffices to compute the set ¢%(qo,T;) N F, for i = 0,1,...,|T| — 1. As
an immediate consequence of (2.1) and the definitions of d4 and 6% on Z2(Q),
we have 0% (g0, T3) = 04(0% (g0, T5—-1),T[i]), for i = 1,2,...,|T| — 1. Hence, the
problem of computing efficiently the sets §% (go, T;) can be reduced to the problem
of evaluating efficiently transition actions of the form d4(D, ¢), for any ¢ € ¥ and
any reachable configuration D C @ of Ap.

The following property is an immediate consequence of the definition of the

failure function.

Lemma 4.1. Given the Aho-Corasick NFA Ap = (Q,%,04,q0, F) for a set P of
patterns and its associated failure function fail : Q \ {qo} — Q, we have

Ibl(p) 3 Ibl(q) — Ibl(p) 2 Wbi(fail(q)),

forallpe @ and g € Q\ {qo}- O

4.3 The suffix NFA

The suffix NFA for a finite set P of patterns over an alphabet ¥ is the NFA with
e-transitions Sp = (Q, %, s, qo, F') induced by the DAWG for P, where
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e Q =, {R.(u)|u € Fact(P)} is the set of states;?
e go = R.(¢) is the initial state;

o Js: Q x (XU{e}) —» L(Q) is the transition function defined by:

Q ifua=c¢
65(R,(u),a) =p. § {R,(ua)} if ua € Fact(P)\ {e}
U otherwise;

o F={qe Q| val(q) € Suff (P)} is the set of final states.

It is well-known that the language recognized by the NFA Sp is Suff(P).
Additionally, the NFA S%, = (Q, X, ds, qo, @), obtained from Sp by considering
all states in @ as final, recognizes the language Fact(P) of all factors of strings

in P. In other words, for u € ¥*, we have
ds(qo,u) #0 if and only if w € Fact(P). (4.2)

We also observe that if size(P) > 1, then |Q| <23 p p |P| — 1 (cf. [12]).

A useful property of the function suf(-) is proved in the following lemma.

Lemma 4.2. Given a nondeterministic suffix automaton Sp = (Q, %, s, qo, F)
for a set of patterns P, for all p,q € Q we have

(a) if wval(p) O wval(q) then wval(p) 3 val(suf(q)) 3 val(q);

(b) if val(p) 3 val(q) then suf®(q) = p, for some k> 1
(where suf(o)(q) = per @ and, Tecursively, suf(h+1)(q) = Def suf(suf(h)(q)), for
h > 0, provided that suf ™ (q) # qo).

Proof. Let val(p) 3 val(q). From the definition (2.4) of the function suf(-), we
have val(p) 2 suf(val(q)) 3 wval(q), so that val(p) I wval(R, (suf(val(q)))) O
val(q). Thus, (a) follows by observing that val(suf(q)) = val(R, (suf(val(q)))).
Concerning (b), we argue as follows. From (a) we have val(p) 3 val(suf(q)).
If val(p) = val(suf(q)), then suf(q) = suf(q) = p, and (b) holds. Otherwise,
val(p) 3 val(suf(q)). By applying (a) repeatedly, we eventually obtain a sequence

val(p) = val(suf(k)(q)) 3 val(suf(k_l)(q)) - Jwal(suf(q)) 3 val(q),

2R, is the equivalence relation defined by (2.2).
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Figure 4.4: Suffix NFA for the set of strings {agagc,agcag}.

for some k > 1, which implies suf(k)(q) = p, thus proving (b). O

Given a set of patterns P over 3, the suffix NFA S, = (Q, X, dsr, qo, F') for
(Pr,,..)" can be used to find the occurrences of the patterns of P in a text T
of length n by observing that a pattern P € P of length m has an occurrence
in T ending at position i + m — 1, ie., T[i..i + m — 1] = P, if and only if
0% (qo, (T[i .. i+ 1min —1])") contains a final state ¢ € F' such that val(¢) 3 P" and
Tli+lmnin .. i+m—1] J P. Hence, to find all the occurrences of the patterns in P
in T', one can compute 0% (go, (T'[i .. i+lmin—1])")NF, for i = 0,1, ..., n—ly, and
then make the appropriate checks for the candidate matches. With this approach
it is possible to skip windows: in fact, for a window of T of size [,,;, beginning
at position i, let [ be the length of the longest proper suffix of T'[i.. 7 + lpin — 1]
such that 0% (qo, (T[¢ + lyin — .. 0 + Lin — 1])7) N F # 0. Then, the windows at
positions 4,7+ 1,...7 4+ l,n;n — [ — 1 can be safely skipped.

4.4 Bit-parallel simulation of NFAs for the mul-

tiple string matching problem

In Section 3.2 we have analyzed a technique to represent a certain class of NFAs
which allows to improve the space complexity as compared to the naive technique
but which still requires exponential space in the number of states of the automa-
ton. We recall that the immediate solution of storing the maps ®(-) and B(-) as
tables of bit words, respectively indexed by sets of states and by characters in
¥, requires (2™ + o) - m bits for an automaton with m states. In particular, the
exponential term in the space complexity is due to the ®(-) map. Thus we have
to find a better way to store the map ®(-), exploiting the fact that ®(D) needs
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to be evaluated over reachable configurations D of Ap or Sp only.

In Sections 4.5 and 4.6 we will show that the map ®(-) can be conveniently
stored in O(m?)-space, for both the Aho-Corasick NFA and the suffix NFA. More
specifically, we will show that, in both cases, each nonempty reachable con-
figuration D can be represented in terms of a unique state, which will be re-
ferred to as lead(D). This will allow us to represent ®(D) as ®(lead(D)), where
d: Q — 2(Q) is the map such that the g-th bit of ®(p) is set if and only if there
is a transition to state ¢ originating from p or from any other state belonging to
the reachable configuration uniquely identified by p. Plainly, the map ® can be

stored in O(m?)-space and allows to rewrite equation (b) of Lemma 3.1 as
§(D,c) = ®(lead(D)) N B(c),
which in turn translates readily into the bit-parallel assignment

D <« ®[lead(D)] & Blc].

4.5 Bit-parallel simulation of the Aho-Corasick NFA

for a set of patterns

In this section we present a bit-parallel encoding of the Aho-Corasick NFA; specif-
ically, following the idea explained in the previous section, we first show that each
reachable configuration of Ap is uniquely identified by a single state. Then, we
devise the map <I>() by using the relation between reachable configurations of the
automaton and the associated failure function, and prove its correctness. Finally,
we show that the map lead(-) admits an efficient implementation.

A key result is contained in the following elementary lemma.

Lemma 4.3. Let Ap = (Q,%,9,q0,F) be the Aho-Corasick NFA for a finite
set P of patterns over the alphabet ¥, and let uw € ¥*. Then §*(qo,u) = {q €

Q| bl(q) 2 u}.
Proof. For u = ¢, the lemma holds plainly. Thus, let u = u'.c, with v’ € ¥* and

¢ € . We first show by induction on w that §*(qo,u) C {q € Q | Ibl(q) 3 u}. Let
p € 6*(qo,u). Since, by (2.1),

8*(qo,u'.c) = 6% (6" (qo,u’), c) = 6(6* (qo, '), c) = U 5(q,c),

q€6*(qo,u’)
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we have p € §(q,c), for some § € 0*(go,u’), so that, by inductive hypothesis,
Ibl(g) 3 v, and therefore Ibl(p) = bl(g).c D u'.c = u.

To show the converse inclusion relationship, let p € @ be such that bl(p) 3 u.
We prove by induction on bl(p) that p € 6*(go,u). In view of (4.1), we may
dismiss at once the case in which bl(p) = ¢, i.e., p = qo, and therefore assume that
Ibl(p) = Ibl(p').c, for some p’ € @ and ¢ € . Hence u = u'.c, for some v’ € ¥*
such that bl(p’) 3 v/, so that, by inductive hypothesis, we have p’ € §*(qo, u').
Thus, by (2.1), p € §(p',c) C §(6*(qo,u’),c) = 6*(6*(qo,u’),c) = 6*(qgo,u’.c) =
0*(qo,u). O

Given a reachable configuration D, the previous lemma implies that for any
two distinct states p,p’ € D we have [Ibl(p)| # |Ibl(p')], since either bl(p) 3
Ibl(p’) or bl(p') 3 Ibl(p). Thus there must exist a unique state § € D such that
|Ibl(p)| < |Ibl(7)]|, for every p € D. Let us denote such a state by lead(D). Then

we have:

Corollary 4.1. Let Ap = (Q,X,0,q0, F) be the Aho-Corasick NFA for a finite
set P of patterns over ¥, and let D be a reachable configuration of Ap. Then
D={qe Q| bl(q) 3 Wl(lead(D))}.

Proof. Let u € ¥* be such that D = §*(qp, u). In view of Lemma 4.3, it suffices
to observe that [bl(¢) J w if and only if bl(q) 3 Ibl(lead (D)), for every ¢ € Q. O

From the preceding corollary, it readily follows that the reachable configura-
tions of the Aho-Corasick NFA Ap = (Q, %, 4, qo, F'), for a set P of patterns, are
in 1-1 correspondence with its states, and therefore their number is |Q).

A convenient way to represent ® uses the map ®4 : Q — 2(Q), recursively
defined by

Follow(qp), if g=qo

. : (4.3)
Follow(q) U @ 4(fail(q)), if ¢ # qo,

(i)A(CI) =Def {

as shown in the following lemma.

Lemma 4.4. For any reachable configuration D of the Aho-Corasick NFA Ap,
we have ®(D) = & 4 (lead(D)).

Proof. We proceed by induction on |lbl(lead(D))|. If |Ibl(lead(D))| = 0, then
lead(D) = go and D = {qo}, so that ®(D) = Follow(qo) = D a(qo) = ®a(lead(D)).
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For the inductive step, we have

o(D) = U Follow(q) = U Follow(q)
qeD qg€Q
1bl(g) 3 tbl(lead (D))
= Follow(lead(D)) U U Follow(q)
7€Q@
1bl(g) 3 Ibl(lead (D))
= Follow(lead(D)) U U Follow(q)
q€@

1bl(q) 2 Wbl (fail(lead(D)))
= Follow(lead(D)) U®({q € Q | Ibl(q) 3 bl(fail(lead(D)))})

= Follow(lead(D)) U ® 4(fail(lead(D)) = & 4(lead(D))). O

Plainly, the map @A(-) requires only |Q|? bits. Additionally, the map lead(-)
can be computed very efficiently at run-time, provided that the states of Ap are
ordered in such a way that a state p precedes a state ¢ whenever |1bl(p)| < |Ibl(q)|
(say, by a breadth-first visit of Ap from ¢g). Indeed, in such a case, if we assume
that D is encoded as a bit mask, then lead(D) is the index of the highest bit of
D set to 1.

4.5.1 The Log-And algorithm

Based on the previous considerations, we present an efficient bit-parallel algo-
rithm, which we call Log-And, for solving the multiple string matching problem.

In the Log-And algorithm, reported in Fig. 4.5, the sets D, B and the map

) 4 are encoded as bit tables.

As opposed to the Shift-And algorithm, bit 0 is reserved for the initial state,
so that lead (D) is never computed for an empty set (0 value) as the initial state

is always active.

In the preprocessing phase, the Log-And algorithm iterates over the nodes of
Ap, which are assumed to be sorted by a breadth-first search; for each node,
the corresponding ® mask is computed using (4.3) and the B masks associated
to the labels of its outgoing edges are augmented accordingly. The algorithm
precomputes also a final state bit mask, L, where a bit is set to 1 if and only
if it corresponds to a final state of the automaton. Then, during the searching

phase, the Log-And algorithm scans the text T, character by character, using the
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Log-And (T; Py, Ps,...,Pr)
/* PREPROCESSING */

1. Let Ap = (Q,%,6,qo0, F) be the Aho-Corasick NFA relative to the set of
patterns P = {Py, Ps,..., Pr} and let the maps Follow(), Ibl(), and fail() be
defined as before, relative to Ap. We also assume that Q = {0,1,...,¢ — 1},
where £ = |Q|, and that if |Ibl(p)| < |Ibl(q)| then p < g, for any p,q € Q.

2. L+ 0*

3. for c € ¥ do B[] + 011

4. forp+ 0tol—1do

5. dalp] < 04711

6.  for q € Follow(p) \ {0} do
7. H+ 0" l1<gq

8. ¢+ Ibl(p,q)

9. Blc] - Blc] | H

10. ifge Fthen L+ L|H
11. Palp] <~ Palp] | H

12. if p # 0 then

13. @ alp] < Palp] | D alfail(p)]

/* SEARCHING */
14. D« 011
15. for j+ O to |T| —1 do
16.  lead < [logy(D)]
17. D« & 4[lead] & B[T[j]]
18.  if D & L # 0 then Output(j)

Figure 4.5: The Log-And algorithm for the multiple string matching problem.

following basic transition, based on Lemma 3.1(b),
D + ®4[logy(D)]] & B[c].

The resulting algorithm has O((m + o) [m/w])-space and O(n[m/w])-searching
time complexity, where n = |T'|, m is the number of nodes of Ap, o is the alphabet
size, and w is the word size in bits. When m € O(w), the Log-And algorithm

turns out to have a O(m + o)-space and O(n)-searching time complexity.

If one is also interested in retrieving the patterns (if any) that match at each
text position, it is convenient to precompute a table which maps each final state
of Ap onto the corresponding pattern index. Then, in the searching phase, for
each position j, the algorithm iterates over the bits of (D & L) by computing
the index of the highest bit set and querying the corresponding pattern number.
The whole sequence is repeated, after having cleared the highest bit, until there

are no more bits set.
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4.6 Bit-parallel simulation of the suffix NFA for

a set of patterns

In this section we illustrate a bit-parallel encoding of the suffix automaton induced
by the DAWG data structure for a set of patterns. We observe that the maximal
trie of a set P of patterns can also be turned into an automaton that recognizes
the language Suff(P), by adding an e-transition from the initial state to all
remaining states. The size of the DAWG data structure can vary between the
number |Q 4, | of states of the Aho-Corasick automaton for P and 2 - size(P) — 1
(cf. [13]). Thus, although the DAWG allows to factor prefix redundancy in the
patterns, it is not always preferable to the maximal trie, whose size is size(P).
However, it turns out that the average size of the DAWG is close to |Q 4, | which,
depending on the degree of prefix redundancy in P may be much smaller than
size(P).

Let Sp be the suffix NFA for a set P of patterns over an alphabet ¥. We
devise a bit-parallel encoding of this automaton much along the lines of what has
been done for the Ap automaton.

The following lemma is analogous to Lemma 4.3 in the present context of
suffix NFAs. For the sake of completeness, we include its proof, though, aside

from a few adaptations, it follows closely the proof of Lemma 4.3.

Lemma 4.5. Let Sp = (Q, X%, 05,90, F) be the suffix NFA for a finite set P of
patterns, and let uw € £*. Then 65(qo,u) = {¢ € Q | v I val(q)}.

Proof. For u = ¢, the lemma holds plainly. Thus, let u = u’.c, with v’ € ¥* and
c € ¥. We first show by induction on w that 65(go,u) € {¢ € Q | v J val(q)}.
Thus, let p € 0%5(qo,u). By (2.1), we have 6%5(qo,u’.c) = 65(6%(qo,u’),c) =
ds(0%(qo, ), ) = quzsg(qo,u') ds(q,c). Hence, p € 65(q, ¢), for some g € 6%(qo, '),
so that, by inductive hypothesis, v’ J val(q), and therefore u = v’.c J val(q).c =
val(p).

To show the converse inclusion relationship, let p € @ be such that v 3
val(p). We prove by induction on val(p) that p € §§(go, ). If val(g) = €, then
p = qo and u = ¢, so that p € d5(qo, u) holds trivially. Let us then assume that
val(p) = val(p').c, for some p’ € Q and ¢ € ¥. Hence u = v'.c, for some v’ € ¥*
such that v’ J val(p'), so that, by inductive hypothesis, we have p’ € §%(go, ).
Thus, by (2.1), p € ds(p', ¢) € ds5(0%5(q0,u'), ¢) = 65(6%(q0,u'), ¢) = 5(qo, u'.c) =
0% (qo, u). O
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The following lemma illustrates some useful properties concerning a nonempty
reachable configuration D = 6%(qo, u) of Sp for a string u and relative equivalence
class R, (u) defined by (2.2).

Lemma 4.6. Let Sp = (Q,%,0s,q0, F') be the suffix NFA for a set of patterns
P. Then, for any string u € ¥*, the following implications hold:

(a) if ¢ € 5(qo,u), then val(R, (v)) J val(q);
(b) if 65(qo,u) # 0, then R, (u) € 6%(qo,u);
(c) if 6%(qo,u) = 0%5(qo,v) # 0, then u R, v, for v € X*.

Proof. Concerning (a), let ¢ € 65(qgo, u). From (4.2), it follows that u € Fact(P),
so that val(R,(u)) is defined. Then by lemma 4.5 we have that v J wal(g),
which in turn implies that end-pos(val(g)) C end-pos(u) = end-pos(val(R, (w))).
Hence, val(R, (v)) 3 val(q).

Concerning (b), from the very definitions of R, and wal(-) (see (2.2) and
(2.3)), we have that v 3 val(R, (v)) which, by Lemma 4.5, implies that R, (u) €
54(do0> ).

Finally, concerning (c), let §%(go,u) = 05(qo,v) # 0. Then (b) yields R, (u) €
0§(qo,v) and R, (v) € 05(qo, u) which, again by Lemma 4.5, imply val(R,(v)) 3
val(R, (u)) and val(R,(uw)) I wal(R,(v)), respectively. Hence, val(R,(u)) =
val(R, (v)) so that u R, v. O

Given a nonempty reachable configuration D for a string u, the previous

lemma implies that the set

{R,(u)|d5(qo,u) = D, for u € Fact(P)}

has exactly one element. Therefore the following definition is well founded

lead(D) =y R,,(u) )
for any u € Fact(P) such that 0%(go,u) = D.

Corollary 4.2. Let Sp = (Q, %, 6, qo, F) be the suffix NFA for a set of patterns
P, and let D be a nonempty reachable configuration of Sp. Then D = {q €
Q | val(lead(D)) 3 val(q)}-
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Proof. Let uw € Fact(P) such that 6%(¢go,v) = D and let ¢ € D. From Lemma 4.6(a)
we have that val(lead(D)) = val(R,(u)) 3 val(g). Conversely, if val(R,(u)) J
val(q), then v J val(q), so that, by Lemma 4.5, ¢ € D. O

From the preceding corollary, it follows at once that the nonempty reachable
configurations of a suffix NFA Sp = (Q, X, 0s, qo, F') for a set P of patterns are
in 1-1 correspondence with its states, and therefore their number is |Q).

For g € Q, let

rsuf (q) =po suf {g}] ={p € Q| suf(p) = ¢}

be the set of states whose suffix link is ¢, where suf(-) is the map defined in (2.4).
We will show that a reachable configuration of Sp can be represented in terms
of the maps lead(-) and rsuf(-).

Lemma 4.7. Let D be a nonempty reachable configuration of the suffix NFA
Sp =(Q,%,ds,q0, F) for a set P of patterns. Then

D = {lead(D)} U U {a €@ | val(p) 3 val(q)} .

persuf (lead(D))

Proof. From Corollary 4.2 we have

D = {q € Q| val(lead(D)) 3 val(q)}
= {lead(D)} U{q € Q | val(lead(D)) O val(q)}.

Then to prove the lemma it is enough to show that

{q € Q | val(lead(D)) 3 val(q)} = U  {g€Q] val(p) 2 val(q)}.

persuf (lead(D))

Let ¢’ € @ be such that val(lead(D)) 3 val(q¢’). By Lemma 4.2(b), there exists
k > 1 such that suf® (¢') = lead(D). Let p' = suf(k_l)(q'). Plainly, suf (p’) =
lead(D), so that p’ € rsuf (lead(D)). Additionally, val(p') = val(suf *~V(¢')) 3
val(q).

Hence,

¢ ef{geQlvd() vy |  {g€Q | val(p) 2 val(q)}

persuf(lead(D))
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so that

{g € Q | val(lead(D)) 3 val(q)} < U {qg € Q| val(p) 2 val(q)}.

persuf (lead(D))

To prove the converse relationship, let

de |J A{eeQ]val(p) 3 val(g)}

persuf (lead(D))

and let p' € rsuf(lead(D)) such that val(p’) 3 wval(¢’). Then wval(lead(D))
val(suf (p')) 3 wval(p) 3 wal(q’), since suf(p’) = lead(D). Hence ¢ € {q €
Q | val(lead(D)) 3 val(q)} proving

U {g € Q| val(p) Jval(q)} C {q € Q | val(lead(D)) 3 val(q)}
persuf (lead(D))

and in turn completing the proof of the lemma. O

A convenient way to represent the map ®(-) makes use of the following map
dg:Q — 2(Q), defined by

Follow(q), if rsuf(q) =0

) . (4.4)
Follow(q) UU e sup(q) Ps(p), if rsuf (q) # 0,

b5(q) =pes {
as proved in the following lemma.

Lemma 4.8. For any nonempty reachable configuration D of the suffix NFA
Sp = (Q,%,ds,q0, F) for a set P of patterns, we have

(D) = d5(lead(D)) .

Proof. To begin with, let us put D, =, {¢ € Q | val(p) I val(q)}, for p €
rsuf (lead(D)), so that the decomposition of D provided by the preceding lemma

can be rewritten in a more compact way as

D = {lead(D)} U U D, . (4.5)
persuf(lead(D))
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Additionally, we observe that
lead(D,) =p, (4.6)
for each p € rsuf(lead(D)). Indeed, by Lemma 4.5,

65(qo, val(p)) = {q € Q| val(p) D val(p)} = Dy,

so that lead(D,) = R, (val(p)) = p. We are now ready to prove the lemma. We
proceed by induction on height(lead(D)), where

height(q) =, length of the longest chain of suffix link ending at ¢.

If height(lead(D)) = 0 then D = {lead(D)} and rsuf(lead(D)) = @. For the in-
ductive step, in view of (4.5) and (4.6) above and of the fact that height(lead(D))) <
height(lead(D)) for p € rsuf (lead(D)), we have

®(D) = ®({lead(D)}) U U d(D,)
persuf (lead(D))
= Follow(lead(D)) U U dg(lead(D,))
persuf (lead(D))
= Follow(lead (D)) U U ds(p)
persuf (lead(D))

= dg(lead(D)),
completing the proof of the lemma. O

As for the Aho-Corasick NFA, the map ®g requires |Q|? bits only and the map
lead(-) can be computed very efficiently at run-time, provided that the states
of Sp are ordered in such a way that a state p precedes a state ¢ whenever
|val(p)| < |val(q)| (say, by a breadth-first search from gp). Indeed, in such a case,
if we assume that D is encoded as a bit mask, then lead(D) is the index of the
lowest bit of D set to 1.

4.6.1 The Backward-Log-And algorithm

In this section we present the Backward-Log-And algorithm, a BNDM-like bit-
parallel algorithm based on the suffix NFA, for the multiple string matching
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Backward-Log-And (T'; Py, Pa, ..., P)

/* PREPROCESSING */
1. Let S’plT - =(Q,%,0,qo0, F) be the suffix NFA relative to the set of patterns

Pr={Pr,P§,..., P} and let the maps Follow(), val(), and suf () be defined
as before, relative to Spi" . We also assume that Q = {0, 1,...,¢—1}, where
{= |Ql, and that if \’ual(?;l)T < |val(q)| then p < g, for any p,q € Q.
L<+0
for c € ¥ do Bjc] « 0°
forp+ ¢ —1to0do
for g € Follow(p) do
H+ 0" 1'1xgq
c < Ibl(p, q)
Blc] < B[] | H
if ge Fthen L+ L |H
10. Psp] < slp] | H
11. if p # 0 then
12. Dslsuf (p)] = Ps[suf (p)] | slp]
/* SEARCHING */
13, jel1-1
14. while j < n do
15. k < 0,last + 0

©XND oA WD

16. D« 1¢

17.  while D # 0¢ do

18. lead + |logy(D & (~D +1))]
19. D + dg[lead] & B[T[j — k]]
20. if D & L # 0% then

21. if £ <l then

22. last < k

23. else Output(j)

24. ke k+1

25. jj+1l—last

Figure 4.6: The Backward-Log-And algorithm for the multiple string matching prob-
lem.

problem. In the Backward-Log-And algorithm, whose pseudocode is reported in
Fig. 4.6, the sets D, B and the map <I>s() are encoded as bit tables. There is no
need to reserve bit 0 for the initial state, as the simulation stops when there are
no longer active states. For simplicity, in the pseudocode it is assumed that all

patterns have the same length [.

During the preprocessing phase, the Backward-Log-And algorithm iterates over
the states of the suffix NFA Sp{;mn , which are assumed to be sorted by a breadth-
first search; for each state, the corresponding masks B and L are computed as in
the Log-And algorithm, while the mask ® is computed using (4.4). Then, during
the searching phase, the Backward-Log-And algorithm scans the text T', character
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by character, using the following transition based on Lemma 3.1(b),
D« & 4]|logy(D & (~D +1))]] & B[d.

The resulting algorithm has O(n[m/w]lmn)-searching time and O((m+0o)[m/w])-
space complexity, where n = |T'|, l;5in is the length of the shortest pattern, m
is the number of nodes of Spr , o is the alphabet size and w is the word size

in bits. When m € O(w), the Backward-Log-And algorithm turns out to have a

O(m + o)-space and O(nl,;y, )-searching time complexity.






Chapter 5

The approximate string

matching problem

The approzimate string matching problem consists in finding all the occurrences
of a pattern in a text allowing for a finite number of errors. Errors are formal-
ized by means of a distance function on strings which maps two strings into the
minimal cost of a sequence of edit operations that are needed to convert the first
string into the second string. Well known distance functions for this problem
are the edit distance [49] (also called the Levenshtein distance) or the Damerau
edit distance [31]. The edit operations in the former edit distance are insertion,
deletion, and substitution of characters; instead, in the second case, one allows for
swaps of characters, i.e., transpositions of two adjacent characters L Approximate
string matching under the Damerau distance is also known as string matching
with swaps. In Section 5.1 we illustrate an algorithm for this problem that is sub-
linear on average and is also able to report, for each occurrence of the pattern,
the corresponding number of swaps, without any time or space overhead. The
distances described above assume that changes between strings occur locally, i.e.,
only a small portion of the string is involved in the mutation event. In contrast,
evidence shows that large scale changes are possible. For example, large pieces of
DNA can be moved from one location to another (translocations) or replaced by
their reversed complements (inversions). In Section 5.2 we introduce a distance

function modelled on these kinds of transformations, based on edit operations

IFor an in-depth survey on approximate string matching see [53].

63



64 The approximate string matching problem

that involve substrings rather than just single characters. We then present an
algorithm, based on dynamic programming and on finite automata, to solve the

approximate string matching problem under this distance.

5.1 String matching with swaps

The pattern matching with swaps problem (swap matching problem, for short)
is a well-studied variant of the classic pattern matching problem. It consists in
finding all occurrences, allowing for swaps of characters , of a pattern P of length
m in a text T of length n, with P and T sequences of characters over a common
finite alphabet 3 of size 0. More precisely, the pattern is said to swap-match
the text at a given location j if adjacent pattern characters can be swapped,
if necessary, so as to make it identical to the substring of the text ending (or,
equivalently, starting) at location j. All swaps are constrained to be disjoint, i.e.,
each character can be involved in at most one swap. Moreover, we assume that
identical adjacent characters cannot be swapped.

Amir et al. [3] provided a O(nm'/?logm)-time algorithm in the case of al-
phabets of size 2 and showed that the case of alphabets of size greater than 2
can be reduced to that of size 2 with a O(log o)-time overhead. In [5] Amir et
al. studied some rather restrictive cases in which a O(nlog® m)-time algorithm
can be obtained. More recently, Amir et al. solved the swap matching problem
in O(nlogmlogo)-time [4]. We observe that the above solutions are all based on
the fast Fourier transform (FFT) technique.

Nliopoulos and Rahman provided the first solution to the swap matching prob-
lem that does not make use of the FFT technique [41]. They modelled the prob-
lem using a graph-theoretic approach and devised an algorithm, based on the
bit-parallelism technique [8], which runs in O((n + m)log m)-time if the pattern
length is O(w), where w is the size in bits of a computer word.

More recently, Cantone and Faro [20] presented an algorithm, named CROSS-
SAMPLING, that has O(nm) worst-case time complexity and admits a bit-parallel
implementation, named BP-CROSS-SAMPLING, which achieves O(n) worst-case
time complexity if the pattern length is O(w). In [16] the same authors presented
another algorithm, named BACKWARD-CROSS-SAMPLING, that has O(nm?) worst-
case time complexity but shows a sublinear behaviour on average. They also de-
vised a bit-parallel implementation, named BP-BACKWARD-CROSS-SAMPLING,
which has O(nm)-time complexity if the pattern length is O(w).
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In this section we investigate the approximate variant of the swap matching
problem. The approximate pattern matching with swaps problem is tantamount
to computing, for each text location j, the number of swaps necessary to convert
the pattern into the substring of length m ending at j.

A straightforward solution to the approximate swap matching problem con-
sists in searching for all the swapped occurrences of the pattern, using any al-
gorithm for the standard swap matching problem. For a given occurrence, to
compute the associated number of swaps it suffices to count the number of mis-
matches relative to the original pattern and then divide it by 2.

Amir et al. presented a theoretical algorithm that solves the approximate
swap matching problem in time O(nlogmlogo) [6].

Cantone and Faro presented also an extension of the CROSS-SAMPLING al-
gorithm, named APPROXIMATE-CROSS-SAMPLING, for the approximate swap
matching problem. However, its bit-parallel implementation has a notably high
space overhead since it requires (mlog(|m/2] + 1) + m) bits [20].

In this section we present a variant of the BACKWARD-CROSS-SAMPLING algo-
rithm for the approximate swap matching problem, which works in O(nm?)-time
and requires O(m)-space. Its bit-parallel implementation, as opposed to the BP-
APPROXIMATE-CROSS-SAMPLING algorithm, does not add any space overhead
and maintains a worst-case O(nm)-time and O(o)-space complexity, when the

pattern length is O(w).

5.1.1 Preliminary definitions

Definition 5.1. A swap permutation for a string P of length m is a permutation
7:{0,....,m—1} = {0,...,m — 1} such that:

(a) if w(i) = j then w(j) =i (characters at positions i and j are swapped);
(b) for alli, n(3) € {i — 1,i,i+ 1} (only adjacent characters are swapped);
(c) if w(i) # i then Pln(i)] # P[i] (identical characters can not be swapped).

For a given string P and a swap permutation 7 for P, we write 7(P) to denote
the swapped version of P, namely 7(P) = P[x(0)].P[x(1)].--- .P[w(m — 1)].

Definition 5.2. Given a text T of length n and a pattern P of length m, P is
said to swap-match (or to have a swapped occurrence) at location j > m — 1 of
T if there exists a swap permutation  of P such that w(P) matches T at location

J, te., m(P)=T[j —m+1..j]. In such a case we write P < Tj.
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As already observed, if a pattern P of length m has a swap match ending
at location j of a text 7', then the number k of swaps needed to transform P
into its swapped version w(P) = T[j — m + 1..j] is equal to half the number of

mismatches of P at location j. Thus the value of k lies between 0 and |m/2].

Definition 5.3. Given a text T of length n and a pattern P of length m, P is
said to swap-match (or to have a swapped occurrence) at location j of T with
k swaps if there exists a swap permutation w of P such that w(P) matches T at
location j and k = |{i : P[i] # P[r(3)]}|/2. In such a case we write P o, Tj.

Definition 5.4 (Pattern matching with swaps problem). Given a text T of length
n and a pattern P of length m, find all locations j € {m —1,...,n — 1} such that

P swap-matches with T' at location j, i.e., P o< Tj.

Definition 5.5 (Approximate pattern Matching with swaps problem). Given
a text T of length n and a pattern P of length m, find all pairs (j, k), with
je{m—1.n—1} and 0 < k < |m/2], such that P has a swapped occurrence

in T at location j with k swaps, i.e., P o, T;.
The following elementary result will be used later.

Lemma 5.1 ([20]). Let P and R be strings of length m over an alphabet ¥ and
suppose that there exists a swap permutation © such that 7(P) = R. Then 7 is

unique.

Proof. Suppose, by way of contradiction, that there exist two different swap
permutations 7 and 7’ such that 7(P) = 7/(P) = R. Then there must exist
an index ¢ such that (i) # 7'(i). Without loss of generality, let us assume that
7(i) < 7'(#) and suppose that ¢ be the smallest index such that w(i) # #'(4).
Since 7 (i), n'(i) € {i — 1,4,7 + 1}, by Definition 5.1(b), it is enough to consider
the following three cases:

Case 1: 7(i) =¢— 1 and «'(:) = 1.
Then, by Definition 5.1(a), we have n(i — 1) = 4, so that P[r(i — 1)] =
Pli] = P[n'(i)] = P[m(i)], thus violating Definition 5.1(c).

Case 2: 7(i) =i and 7'(i) =i+ 1.
Since by Definition 5.1(a) we have 7/(i + 1) = 4, then P[x’(i+1)] = P[i] =
P[r(i)] = P[«'(i)], thus violating again Definition 5.1(c).
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Case 3: 7(i)=i—1and #'(:) =7 + 1.
By Definition 5.1(c) we have (i — 1) =7'(¢ + 1) = 4. Thus 7'(i — 1) #i =

(i — 1), contradicting the minimality of i. O

Corollary 5.1. Given a text T of length n and a pattern P of length m, if
P x Tj, for a given position j € {m —1,...,n — 1}, then there exists a unique

swapped occurrence of P in T ending at position j. ]

5.1.2 The Approximate-Cross-Sampling algorithm

The APPROXIMATE-CROSS-SAMPLING algorithm [20] computes the swap occur-
rences of all prefixes of a pattern P (of length m) in continuously increasing
prefixes of a text T (of length n), using a dynamic programming approach. Ad-
ditionally, for each occurrence of P in T, the algorithm computes also the number
of swaps necessary to convert the pattern into its swapped occurrence.

In particular, during its (j + 1)-th iteration, for j = 0,1,...,n—1, it is estab-
lished whether P; o, T}, for each ¢ = 0,1,...,m — 1, by exploiting information

gathered during previous iterations as is described below.

Let us put
S; =pet {(i,k)|0<i<m—1and P o, T;}
S o {(0,0)} if P[i] =T1j]
Gk ¢ 0 otherwise,

for0<j<n-—1, and
S} =pet {(i,k) | 0 <i<m—1and (Pi_y o, Tj_1 Vi=0) and Pli+ 1] = T[j]},
for 1 < j <n — 1. Then the following recurrences hold:

Sjp1={(G,k) |i<m—1and ((i —1,k) €S; and P[i] = T[j + 1]) or
((i—=1,k—1)eSjand Pli—1] =T[j +1]) } U110
i ={(,k) [i<m—1and (i—1,k)€Sjand Pli+1] =T[j + 1]} U Xj411.
(5.1)
where the base cases are given by Sy = Ao and So0 = Ao1-
Such relations allow one to compute the sets Sj and SJ’» in an iterative fashion,
as shown in Fig. 5.1. Observe that S;;1 is computed in terms of both S; and &7,
whereas Sj{ 41 needs only §; for its computation. The code of the APPROXIMATE-
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Figure 5.1: A graphic representation of the iterative fashion for computing sets S;
and §; for increasing values of j.

CROSS-SAMPLING algorithm is shown in Fig. 5.2 (left). The time complexity of
the APPROXIMATE-CROSS-SAMPLING algorithm is O(nm).

In [20] a bit-parallel implementation of the APPROXIMATE-CROSS-SAMPLING
algorithm, called BP-APPROXIMATE-CROSS-SAMPLING, has been presented.

The BP-APPROXIMATE-CROSS-SAMPLING algorithm uses a representation of
the sets S; and S} as bit-vectors of gm bits, D; and D respectively, where m
is the length of the pattern and ¢ = log(|m/2| + 1) + 1. If (i,k) € S;, where
0 <i<mand0<Fk < |[m/2], then the rightmost bit of the i-th block of D;
is set to 1 and the leftmost ¢ — 1 bits of the i-th block correspond to the value
k (we need exactly ¢ bits to represent a value between 0 and |m/2]). The same

considerations hold for the sets 5;.

For each character ¢ of the alphabet X, the algorithm maintains a bit mask
M]c], where the rightmost bit of the i-th block is set to 1 if P[i] = ¢, and a bit
mask Bc|, whose i-th block have all its bits set to 1 if P[i] = c.

The algorithm also maintains two bit vectors, D and D’, whose configurations
during the computation are denoted Dj and D; respectively, as the location j
advances over the input text. For convenience, we introduce also the bit vectors
D_; and D’_l, which are both set to 09™.

While scanning the text from left to right, the algorithm computes for each

/

position 5 > 0 the bit vector Dj in terms of Dj,l and Dj_l, by performing the

following bitwise operations:

(@) Dj+ (Dj-1 < q)|1

(b) Dj + Dj; & B[T[j]]

(¢) Dj«+ Dj;|((Dj_, & BIT[j]]) < q)

(d) Dj <« D; + (Dj_, & M[T[j]]) < q) < 1)
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corresponding respectively to the relations:

(a) ‘? {0 k) : (i—1,k) € S;_1} U{(0,0)}

(0) S5« S \{(i, k) : P[i] # Tj]}

(c—d) 8«8 U{(i,k+1):(i—1,k) eS8, AP[i—1]=T[j]}
Similarly, the bit vector D; is computed in the j-th iteration of the algorithm

in terms of D;_q, by performing the following bitwise operations:

(a) Dj« (Djm1 < q) |1
(b) Dj « D} & (BIT[j]] > q)
() D)« D& ~D,

corresponding respectively to the relations:

(@) 8 {(i,k): (i—1,k) € 81} U{(0,0)}
(0) S« S\ {(i,k): Pli+1] # T[5]}
(©) & «&N\{(i,k): (i,k) € &}

During the j-th iteration, if the rightmost bit of the (m — 1)-th block of D;
is set to 1, i.e., if (D; & 109(m=1) = 0™, a swap match is reported at position j.
The total number of swaps is contained in the g — 1 leftmost bits of the (m — 1)-
th block of Dj, which can be retrieved by performing a bitwise shift on Dj of
(¢(m — 1) + 1) positions to the right.

The code of the BP-APPROXIMATE-CROSS-SAMPLING algorithm is shown in
Fig. 5.2 (right). It achieves a O(n[mlogm/w]) worst-case time complexity and
requires O(o[mlogm/w]) extra space, where o is the size of the alphabet. If
m(log(|m/2] +1)+ 1) = O(w) then the algorithm requires O(n)-time and O(o)

extra space.

5.1.3 New algorithms for the approximate swap matching

problem

In this section we present a new practical algorithm for solving the swap matching
problem, called APPROXIMATE-BCS (Approximate Backward Cross Sampling),
which is characterized by a O(nm?)-time and O(m)-space complexity, where m
and n are the lengths of the pattern and text, respectively.

Our algorithm is an extension of the BACKWARD-CROSS-SAMPLING algo-
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APPROXIMATE-CROSS-SAMPLING (P, m, T, n)
1. So« S5« 0

2. if P[0] = T[0] then Sy + {(0,0)}

3. if 1 < m and P[1] = T[0]

4 then S « {(0,0)}

5. for j < 1ton —1do

7 for (i,k) € S;_1 do

8 if ¢ <m — 1 and P[i+ 1] = T[j]

9. then S; + S; U{(i + 1,k)}

10. if i+1<m—1and Pli+2]=T[]
11. then 55 + S U {(i+ 1,k)}

12. for (i,k) € S}_, do

13. if i <m — 1 and P[i] = T[j]

14. then S; « S; U{(i+1,k+ 1)}

15. if P[0] = T[j] then S; < S; U {(0,0)}
16. if 1 < m and P[1] = T[j]

BP-APPROXIMATE-CROSS-SAMPLING (P, m, T, n)

q  log(|m/2] +1)+1

for ¢ € ¥ do M|c] + 09™

for ¢ € ¥ do Bc] + 09™

j+0

for i < 0 tom — 1 do
MIP[i]] + M[P[i]] | (09" '1 < j)
BIP[i]] + B[P[i]] | (09"~ V1 < j)

_J<J+aq

D« D’ + 09™

10. for j <~ Oton —1do

11. H°«(D<kgq)|1

12 H'+ (D' & BIT[j])) < q

13, H?+ (D' & M[T[j]])) < g

14. D+ H° & B[T[j]]

15. D+« (D|HY) + (H>< 1)

16. D'« (H° & (B[T[j]] > q)) & ~ D

©EN SO WN =

17. “Ee“ )§§ « 5;U{(0,0)} 17 if D & 077110901 £ 09 then
18. for (i,k) € S; do 18 k<« (D —1 1
19. if ¢ = m — 1 then Output(j, k) 19: Outp(ut(j>>k()(I(m )+ 1)

Figure 5.2: The APPROXIMATE-CROSS-SAMPLING algorithm (left) for the approx-
imate swap matching problem and its bit-parallel variant BP-APPROXIMATE-CROSS-
SAMPLING (right).

rithm [16], It inherits from the
APPROXIMATE-CROSS-SAMPLING algorithm the same doubly crossed structure

for the standard swap matching problem.

in its iterative computation, but searches for all occurrences of the pattern in the
text by scanning characters backwards, from right to left.

Later, in Section 5.1.3, we present an efficient implementation based on bit-
parallelism of the APPROXIMATE-BCS algorithm, which achieves a O(nm)-time
and O(o)-space complexity, when m = O(w).

The Approximate-BCS Algorithm

The APPROXIMATE-BCS algorithm searches for all the swap occurrences of a
pattern P (of length m) in a text T (of length n) using right-to-left scans in
windows of size m, as in the Backward-DAWG-Matching (BDM) algorithm for the
exact single pattern matching problem [30]. In addition, for each occurrence of P
in T, the algorithm counts the number of swaps necessary to convert the pattern

in its swapped occurrence.

As in the BDM algorithm, the APPROXIMATE-BCS algorithm processes the

text in windows of size m. Each attempt is identified by the last position, j, of
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i Sh "
» »
fwi
u=j+m-—1{

Figure 5.3: A graphic representation of the iterative fashion for computing the sets
th and th for increasing values of h. A first attempt starts at position j of the text
and stops with h = £. The subsequent attempt starts at position v = j +m —[.

the current window of the text. The window is searched for the longest prefix of
the pattern which has a swapped occurrence ending at position j of the text. At
the end of each attempt, a new value of j is computed by performing a safe shift
to the right of the current window in such a way to left-align it with the longest
prefix matched in the previous attempt.

To this end, if we put
th =pes {h—1<i<m-—1| Pii—h+1.14 T},

W =peg {h<i<m—1|Pli—h+2.ioT; and Pli—h]=T[j —h+1]},

for 0 < j < n and 0 < h < m, then the following recurrences hold:

St = {(h—1<i<m-1|(i €8} and Pli—h] =T[j — h]) or
(i €eW! and Pli—h+1]=T[j —h])}
W = {(h<i<m-1]i €S and Pli—h—1]=T[j —h]}.

(5.2)

where the base cases are given by
S ={i|0<i<m} and W)={0<i<m|Pli]=T[+1]}.
Such relations allow one to compute the sets SJ’? and W]h in an iterative
is computed in terms of both S]h and W

SJ}-LJrl ', whereas th +

needs only S]h for its computation. The structure is similar to the one of the

fashion, where

APPROXIMATE-CROSS-SAMPLING algorithm, as shown in Fig. 5.3.
Plainly the set S]h includes all the values i such that the h-substring of P
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ending at position ¢ has a swapped occurrence ending at position j in 7. Thus,
if (h—1)¢€ S]h, then there is a swapped occurrence of the prefix of length h of
P. Hence, it follows that P has a swapped occurrence ending at position j if and
only if (m — 1) € S]".

Observe however that the only prefix of length m is the pattern P itself. Thus
(m —1) € 8 if and only if S]* # (.

The following result follows immediately from (5.2).

Lemma 5.2. Let P and T be a pattern of length m and a text of length n,
respectively. Moreover letm —1<j<n—-1and0<i<m. Ifi e Sjv, then it
follows that i € (S]h U th), for1 < h<~. O

Lemma 5.3. Let P and T be a pattern of length m and a text of length n,
respectively. Then, for every m — 1 < 7 < n—1and 0 < i < m such that
i€ (S)n W;f*l ﬂS]fl), we have Pli —~ + 1] = P[i — v+ 2].

Proof. From i € (S} N 81771) it follows that Pli — v+ 1] = T[j — v + 1]. Also,
from i € VVJ'.Y_1 it follows that P[i — v+ 2] =T[j —~v + 1]. Thus P[i — v+ 1] =
Pli—~+2]. O

The following lemma will be used.

Lemma 5.4. Let P and T be a pattern of length m and a text of length n,
respectively. Moreover let m —1 < j<n—1and 0 <i<m. Then, ifi € S;-Y,
there is a swap between characters Pli —~v + 1] and P[i — v + 2] if and only if
i€ (S]\S]T).
Proof. Before entering into details we remember that, by Definition 5.1, a swap
can take place between characters P[i — v + 1] and P[i — v + 2] if and only if
Pli—~y+1]=T[j—v+2], Pli—v+2] =T[j—~v+1] and Pli—vy+1] # P[i—v+2].
Now, suppose that i € S] and that there is a swap between characters
P[i—~+1] and P[i—~y+2]. We proceed by contradiction to prove that i ¢ 8}71.

Thus, we have

i) ieS] (by hypothesis)
(i) Pli—v+2]=Tj—~v+1]#P[i—~v+1] (by hypothesis)

( (by contradiction)
( (by (i), (i),

and Lemma 5.3)
(v)  Pli—y+1]=T}—-y+1] (by (1) and (iv))

i) ieS;!
iv) ¢ W;y_l
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obtaining a contradiction between (ii) and (v).

Next, suppose that i € (S \S]_l). We prove that there is a swap between
characters P[i — v+ 1] and P[i — v + 2]. We have

i) ieSandig¢S]

i) iew)!

iii) eS8

iv) Pli—v+1]=T[—~v+2]

v) Pli—v+2=T[—~v+1]

vi) Pli—vy+2]# T} —vy+2]=Pli—vy+]1]

The following corollary is an immediate consequence of Lemmas 5.4 and 5.2.

Corollary 5.2. Let P and T be strings of length m and n, respectively, over a
common alphabet . Then, form —1<j <n—1, P has a swapped occurrence

in T at location j with k swaps, i.e., P o<, T}, if and only if
(m—-1) eS8 and [Ajl=k,
where Aj ={1<h<m : (m—1) € (SJ}»LH\SJ}?)}. O

In consideration of the preceding corollary, the APPROXIMATE-BCS algorithm
maintains a counter which is incremented every time (m — 1) € (SJh + \ 8}, for
any 1 < h < m, in order to count the swaps for an occurrence ending at a given
position j of the text.

For any attempt at position j of the text, let us denote by £ the length of
the longest prefix matched in the current attempt. Then the algorithm starts its
computation with j = m — 1 and £ = 0. During each attempt, the window of the
text is scanned from right to left, for A = 1,...,m. If, for a given value of h, the
algorithm discovers that (h — 1) € th, then ¢ is set to the value h.

The algorithm is not able to remember the characters read in previous itera-
tions. Thus, an attempt ends successfully when h reaches the value m (a match
is found), or unsuccessfully when both sets th and th are empty. In any case,
at the end of each attempt, the starting position of the window, i.e., position

j—m++1 in the text, can be shifted to the starting position of the longest proper
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prefix detected during the backward scan. Thus the window is advanced by m — ¢
positions to the right. Observe that since ¢ < m, we have m — ¢ > 0.

The code of the APPROXIMATE-BCS algorithm is shown in Fig. 5.4 (left).
Its time complexity is O(nm?) in the worst case and requires O(m) extra space

to represent the sets SJ'»’ and W]h

The Approximate-BPBCS Algorithm

In [16] an efficient bit-parallel implementation of the BACKWARD-CROSS-
SAMPLING algorithm, called BP-BACKWARD-CROSS-SAMPLING, has also been
presented. Here we illustrate a practical bit-parallel implementation of the
APPROXIMATE-BCS algorithm, named APPROXIMATE-BPBCS, along the same
lines of the BP-BACKWARD-CROSS-SAMPLING algorithm.

In the APPROXIMATE-BPBCS algorithm, the sets th and th are represented
as bit-vectors of m bits, D;-L and C’J}-L respectively, where m is the length of the
pattern.

The (i — h + 1)-th bit of D;L is set to 1 if i € Sj, i.e., if Pli —h+1..9] o< T},
whereas the (i —h+1)-th bit of C’Jh isset to1lifi € th, ie,if Pli—h+2..1 x T
and P[i — h] = T[j — h + 1]. All remaining bits are set to 0.

For each character c of the alphabet ¥, the algorithm maintains a bit mask
Mc] whose i-th bit is set to 1 if P[i] = c.

As in the APPROXIMATE-BCS algorithm, the text is processed in windows
of size m, identified by their last position j, and the first attempt starts at po-
sition j = m — 1. For any searching attempt at location j of the text, the bit
vectors D} and Cj are initialized to M[T[j]] | (M[T[j+1]] & (M[T[j]] < 1)) and
MIT[j]] > 1, respectively, according to the recurrences (5.2) and relative base
cases. Then the current window of the text, i.e., T[j —m+1..j], is scanned from
right to left, by reading character T'[j — h+ 1], for increasing values of h. Namely,
for each value of h > 1, the bit vector D;”’l is computed in terms of D and C7,

by performing the following bitwise operations:

(a) DIt'« (Dh < 1) & M[T[j - h]]
(b) DI« DM | ((Ch & M[T[j - h])) < 1).

Concerning (a), by a left shift of D;-‘7 all the elements of S]h are added to
the set SJ}-LH. Then, by performing a bitwise and with the mask M[T[j — h]], all
elements ¢ such that P[i — h] # T[j — h] are removed from th"’l. Similarly, the

bit operations in (b) have the effect of adding to S]’-Hl all the elements i in W;L
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such that P[i — h + 1] = T[j — h]. Formally, we have:

(@) Sit'« St \{ieS8! : Pli—h]#T[j—hl}
) Sitt e SHTUWR \{ie W : Pli—h+1]#T[j — h]}.

Similarly, the bit vector CJhH is computed in terms of D;’, by performing the

following bitwise operations
() CiT' (DI < 1) & (M[T[j—h]]>1)

which have the effect of adding to the set Wj}-”rl all the elements of the set th (by
shifting D;P to the left by one position) and of removing all the elements i such
that P[i—h—1] # T[j—h] holds (by a bitwise and with the mask M[T[j—h]] > 1),

or, more formally:
() Wit Sh \{ieSh : Pli—h—1]#T[j —h]}.

In order to count the number of swaps, observe that the (i — h + 1)-th bit
of DI is set to 1 if < € S}'. Thus, the condition (m — 1) € (th“ \ 8I') can be

implemented by the following bitwise condition:

(d) (DM & ~ (DM < 1)) & (1< h))#£0.

As in the APPROXIMATE-BCS algorithm, an attempt ends when A = m or
(D;L|C]h) =0. If h =m and D;? # 0, a swap match at position j of the text is
reported. In any case, if h < m is the largest value such that D;P # 0, then a
prefix of the pattern of length ¢ = h, which has a swapped occurrence ending at
position j of the text, has been found. Thus, a safe shift of m — ¢ positions to
the right can take place.

In practice, two vectors only are enough to implement the sets D? and C’]h,
for h =0,1,...,m, as one can transform the vector Djh into the vector D;LH and
the vector Cj}.‘ into the vector th+1’ during the h-th iteration of the algorithm at
a given location j of the text.

The counter for taking note of the number of swaps requires log(|m/2] + 1)
bits to be implemented. This compares favorably with the BP-APPROXIMATE-
CROSS-SAMPLING algorithm which uses instead m counters of log(|m/2| + 1)
bits, one for each prefix of the pattern.

The resulting APPROXIMATE-BPBCS algorithm is shown in Fig. 5.4 (right).

It achieves a O([nm?/w]) worst-case time complexity and requires O(o[m/w] +
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APPROXIMATE-BCS (P, m, T, n)
1. j«m-—1

while j < n do

h+0,l+0
S;J<—{i|0§i<7n}
WY« {0<i<m|Pl]="T[}+1]}
c+ 0
while h < m and S} UW}' # 0 do
SEH Wit
if (h—1) € S then £+ h
foriGS;Ldo
if i >h and Pli—h] =T[j — h]
then SIH! « SMF1 U {4}
if i>h and Pli—h—1]=T[j — h]
then WITH « Wi (i}
foriEWJ’-ldo
if i >hand Pli—h+ 1] =T[j — h]
then S;L+1 — S;Jrl u{i}
if m—1€8 andm—1¢ 8!
thenc+c+1
h+ h+1
if (h — 1) € S}' then Output(j,c)
j—j+m—14

APPROXIMATE-BPBCS (P, m, T, n)

1. for ¢ € ¥ do M|c] <~ 0™

2. fori+ 0tom—1do

3 ¢+ Plm—1—1]

4 Ml « M[d | 0" < d)

5. j«—m-—1

6. while j < n do

7 h+1,0+0

8. H e M[T[j+ 1)) & (M[T]] < 1)
9. D+ M[T[j]] | H

10. C <+ M[T[j]]>1

11. c+ 0
12. while h < m and (D | C) # 0™ do
13. if D & 10™~! # 0™ then £« h
14. D' «D«x1
15. H <+ (C & M[T[j — h]]) < 1
!/
16. D+ D' & M[T[j — h]]
17. D« D|H
!
18. C+ D & (M[T[j—h]]>1)
19. if (D& ~D)& (0™ 1< h)#0
20. thenc+ c+1
21. h«h+1

22. if D # 0™ then Output(j,c)
23, jjtm—2

Figure 5.4: The APPROXIMATE-BCS algorithm (left) for the approximate swap match-

ing problem and its bit-parallel variant APPROXIMATE-BPBCS (right).

log(|m/2] +1)) extra space, where o is the alphabet size. If m = O(w), then the

algorithm finds all the swapped occurrences of the pattern and their correspond-

ing number of swaps in O(nm) time and O(o) extra space.

5.1.4 Experimental evaluation

Next we report and comment on the experimental results relative to an extensive

comparison, under various conditions, of the following approximate swap match-

ing algorithms:

e APPROXIMATE-CROSS-SAMPLING (ACS)

BP-APPROXIMATE-CROSS-SAMPLING (BPACS)

APPROXIMATE-BCS (ABCS)

APPROXIMATE-BPBCS (BPABCS)

ILIOPOULOS-RAHMAN algorithm with a naive check of the swaps (IR*)
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Algorithm 4 8 12 16 20 24 28 32

ACS 385.66 387.14 383.95 392.69 383.95 387.09 385.80 384.28
ABCS 420.39 297.81 248.44 229.37 212.75 204.41 199.82 190.85
BPACS 44.72 4137 41.41 4195 42.00 42.02 4199 43.13
BPABCS 2737 1493 10.24 8.15 6.75 5.75 5.07 4.52
IR* 13.77 12.29 1221 12.22 1221 1221 12.21  12.21
BPBCS* 30.34 15.54  10.57 8.32 6.88 5.86 5.18 4.62

Table 5.1: Running times (ms) for a Rand4 problem.

Algorithm 4 8 12 16 20 24 28 32

ACS 338.09 337.75 337.33 344.72 342.72 342.82 343.48 338.19
ABCS 280.04 206.02 176.68 157.63 147.02 138.32 131.98 127.70
BPACS 41.71  41.35 41.39 4141 41.38 4140 41.35 41.48
BPABCS 19.96 11.36 7.85 6.08 4.94 4.18 3.66 3.24
IR* 12.32 1222 1222 12.22 1220 12.20 12.21  12.20
BPBCS* 2040 11.63 8.04 6.19 5.01 4.23 3.68 3.24

Table 5.2: Running times (ms) for a Rand8 problem.

o BP-BACKWARD-CROSS-SAMPLING algorithm with a naive check of the
swaps (BPBCS*)

We have also included in our comparison the algorithms IR* and BPBCS*, since
the algorithms IR and BPBCS turned out to be the most efficient solutions for the
swap matching problem [16]. Instead, the Naive algorithm and algorithms based
on the FFT technique have not been taken into consideration as their overhead
is quite high.

The tests have been performed on a 2.33 GHz Intel Core 2 Duo. In particular,
all the algorithms have been tested on six Rando problems, for o = 4, 8, 16, 32, 64,
and 128, and on files (i), (iii) and (iv) (see Section 2.6) with patterns of length
m = 4, 8, 12, 16, 20, 24, 28, 32. Each Rando problem consists in searching
a set of 100 random patterns for a given length value in a 4Mb random text
over a common alphabet of size o, with a uniform character distribution. In the
following tables, the running times are expressed in milliseconds and the best
results have been bold-faced.

The experimental results show that the BPABCS algorithm obtains the best
performance in most cases. The only exception is found in the case of very short
patterns and small alphabets, where the IR* algorithm is faster. For long patterns
the difference between the BPABCS algorithm and the BPBCS* algorithm is small,
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Algorithm 4 8 12 16 20 24 28 32
ACS 317.06 317.28 317.29 324.95 322.67 325.98 324.82 317.22
ABCS 222.69 167.56 142.81 128.57 119.03 112,56 106.97 102.99
BPACS 41.36  41.32 41.37 41.35 41.34 4137 41.32 41.38
BPABCS 13.34 9.09 6.68 5.15 4.11 3.47 2.96 2.60
IR* 12.22  12.21 12.20 12.20 12.20 12.20 1220 12.21
BPBCS* 13.60 9.33 6.85 5.29 4.22 3.57 3.05 2.68
Table 5.3: Running times (ms) for a Rand16 problem.
Algorithm 4 8 12 16 20 24 28 32
ACS 340.75 325.60 335.11 322.18 31597 348.98 332.09 336.83
ABCS 201.47 154.68 123.63 112.35 104.85 102.78 95.25  91.88
BPACS 41.36  41.36 41.33 41.34 41.32 41.36 41.36  41.32
BPABCS 10.22 6.62 5.23 4.35 3.73 3.28 2.89 2.53
IR* 13.10  12.45 12.46 12.81 13.38 12.85 12.45 12.98
BPBCS* 11.46 7.51 5.59 4.45 3.85 3.54 2.99 2.75
Table 5.4: Running times (ms) for a Rand32 problem.
Algorithm 4 8 12 16 20 24 28 32
ACS 304.73 308.63 304.70 314.56 320.50 326.09 331.66 329.80
ABCS 185.15 135.45 118.52 101.56 97.27 90.71 87.66  84.88
BPACS 41.36 4136  41.33 41.31 41.32 41.36 41.36 41.34
BPABCS 8.51 5.03 3.88 3.29 2.90 2.60 2.36 2.16
IR* 14.59 14.58 14.61 14.60 14.59 14.59 14.60 14.60
BPBCS* 8.76 5.15 3.96 3.37 2.97 2.66 2.41 2.21
Table 5.5: Running times (ms) for a Rand64 problem.
Algorithm 4 8 12 16 20 24 28 32
ACS 303.10 302.91 302.77 356.32 356.05 356.27 356.02 302.91
ABCS 176.61 121.39 104.44 94.66 88.59 84.77 81.38 79.36
BPACS 41.32  41.33 41.32 4132 41.37 4133 41.39 41.32
BPABCS 7.72 4.27 3.12 2.55 2.20 1.99 1.79 1.67
IR* 15.50 15.51 15.48 15.48 15.49 15.49 15.51 15.51
BPBCS*

7.98 4.39 3.19 2.60 2.24 2.01 1.82 1.69

Table 5.6: Running times (ms) for a Rand128 problem.
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Algorithm 4 8 12 16 20 24 28 32
ACS 441.41 44777 453.67 446.16 452.23 449.74 442.72 452.46
ABCS 466.88 340.48 288.85 266.94 247.83 239.04 226.08 223.28
BPACS 52.29  48.00 48.09 48.73 48.72 48.79  48.69  50.12
BPABCS 32.25  17.07 11.79 9.40 7.83 6.67 5.84 5.26
IR* 16.16 14.27 14.18 14.19 14.19 14.18 14.19 14.19
BPBCS* 3585 17.89 1220  9.63 7.99 6.81 5.95 5.37
Table 5.7: Running times (ms) for a DNA sequence (o = 4).
Algorithm 4 8 12 16 20 24 28 32
ACS 228.95 228.78 227.05 229.41 229.31 230.46 230.82 228.85
ABCS 161.95 11547 101.37 92.35 85.70 80.10 76.97 73.70
BPACS 29097  29.94 2997 2998 29.94 2994 29.97 29.98
BPABCS 9.74 6.28 4.68 3.66 3.00 2.51 2.16 1.91
IR* 8.83 8.83 8.83 8.83 8.83 8.82 8.83 8.83
BPBCS* 9.94 6.43 4.79 3.76 3.09 2.57 2.22 1.96
Table 5.8: Running times (ms) for a protein sequence (o = 20).
Algorithm 4 8 12 16 20 24 28 32
ACS 190.74 192.93 196.09 201.45 200.99 197.57 201.64 192.25
ABCS 12498 9545 8595 7593 69.92 6531 64.56 61.19
BPACS 25.62 25.54 2558 25.54 25.55 2557 2558  25.64
BPABCS 7.63 4.97 4.04 3.08 2.65 2.29 2.00 1.79
IR* 7.84 7.80 7.79 7.79 7.79 7.80 7.79 7.79
BPBCS* 7.7 5.07 4.14 3.14 2.70 2.35 2.04 1.83

Table 5.9: Running times (ms) for the CIA World Fact Book (o = 94).
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because the number of occurrences of the pattern and, consequently, the number
of verifications performed by the BPBCS* algorithm decrease significantly as m
grows. Observe also that the algorithms IR*, ACS, and BPACS maintain a linear
behaviour whereas the algorithms ABCS and BPABCS show a sublinear trend.

5.2 Approximate string matching with inversions

and translocations

In this section we investigate the approximate string matching problem under a
string distance whose edit operations are translocations of equal length adjacent
factors and inversions of factors. In particular, we present a O(nmmax(«, 3))-
time and O(m?)-space algorithm, where a and 3 are the maximum length of the
factors involved in a translocation and in an inversion, respectively. Our algo-
rithm is based on a dynamic-programming approach and makes use of the Di-
rected Acyclic Word Graph of the pattern. The DAWG data structure has already
been used in algorithms for the approximate string matching problem [66, 65] to
keep track of the substrings of the pattern that match the text at every loca-
tion. We show that, under the assumption of equiprobability and independence
of characters in the alphabet, our algorithm has, on the average, a O(nlog, m)-
time complexity. Finally, we also present an efficient implementation of our algo-
rithm, based on bit-parallelism, which has O(n max(a, §))-time and O(c + m)-
space complexity when the pattern length is comparable with the size of the
computer word. To our knowledge there is no report in the literature of a similar

formalization of the above problem.

5.2.1 Preliminary definitions

A distance d : ¥* x X* — R is a function which associates to any pair of strings X
and Y the minimal cost of any finite sequence of edit operations which transforms
X into Y, if such a sequence exists, oo otherwise. Edit operations have the form
Z — W, where Z,W € ¥* and t is a nonnegative real number representing the
cost. Any factor of X can be involved in at most one edit operation. If, for
every operation Z —; W, there is also the symmetric operation W —; Z (with
the same cost), then the distance d is symmetric, i.e., d(X,Y) = d(Y, X), for all
X, Y e X",
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Definition 5.6. Given two strings X and Y, the mutation distance md(X,Y)

1s based on the following edit operations:

(1) Translocation: a factor of the form ZW is transformed into W Z, provided
that
|Z| = |W]| > 0.

(2) Inversion: a factor Z is tranformed into Z".
Both operations are assigned unit cost. O

Observe that, by definition, the maximum length of the factors involved in a
translocation is || X |/2], whereas the length of the factors involved in an inversion
can be at most |X|. Note, moreover, that there are strings X,Y such that X
can not be converted into Y by any sequence of translocations and inversions, in
which case md(X,Y) = co. When md(X,Y) < oo, we say that X and Y have
an md-match. Additionally, if X has an md-match with a suffix of Y, we write
X JdwaY.

5.2.2 An automaton-based approach for the pattern match-

ing problem with translocations and inversions

We present an efficient algorithm, called M-SAMPLING, which finds the md-
matches of a given pattern P (of length m) in a text T' (of length n). Our al-
gorithm, based on the dynamic programming approach, has a O(nm max(«, 3))-
time and O(m?)-space complexity, where o < |m/2] is a bound on the length of
the factors involved in any translocation and S < m is a bound on the length of
the factors involved in any inversion.

Given P, T, m, n, a, and [ as above, the M-SAMPLING algorithm iteratively
computes, for j = m—1,m,...,n—1, all the prefixes of P which have an md-match
with a suffix of T}, by exploiting information gathered at previous iterations. For
this purpose a set S; defined by

S; =ps{0<i<m—1|P Jpa Tj}.

is maintained. Thus, the pattern P has an md-match ending at position j of the
text T if and only if (m — 1) € S;.
Since the allowed edit operations involve substrings of the pattern P, it is

useful to introduce the set ]-'J‘€ of all the positions in P where an occurrence of
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the suffix of T of length k ends. More precisely, for 1 <k < aand k—1 < j < n,
we put
I} =pu{k—1<i<m—1|T}-k+1.53P}.
Observe that J’-'j’-C - ]-']h, for1<h<k<m.
Similarly, to handle inversions, it is convenient to define the set IJ’»C of the

positions in P where an occurrence of the reverse of the suffix of T} of length k

ends. More precisely, for 1 < k< g and k—1 < j <n, we put

k ; ; 1
I} =putk—1<i<m-—1[(Tj—k+1.5) 3P}

The sets S; can then be computed based on the following elementary recursion.

Lemma 5.5. Let T and P be a text of length n and a pattern of length m,
respectively. Then i € S, for 0 <i<m and i < j <n, if and only if one of the
following three facts holds

(a) Pli] =T[j] and (i — 1) € S;_1 U{-1} (standard match);

(b) (i—k)e .7-"]’-“, i€ fffk, and (i —2k) € S;_o, U{-1}, for some 1 < k < ||

(translocation);
(c) i€ I]’»C and (i — k) € Sj_r U{—1}, for some 1 <k <i+1 (inversion). O

Conditions (b) and (c) refer to a translocation of adjacent factors of length k

and an inversion of a factor of length k, respectively.

Likewise, the sets ]-'J]»c and Z'J’-C can be computed according to the following

lemma:

Lemma 5.6. Let T and P be a text of length n and a pattern of length m,
respectively. Then i € ]-"]’-“, for1<k<a, k—-1<i<m,andk—1<j<n,if
and only if the following condition holds

(k=1or(i—1) € F7) and P[i] = T[j].

Similarly,iGIJ’?, for1<k<pB, k—1<i<m,andk—1<j<mn, if and only
if the following condition holds

(kzloriEIffll)andP[i—k+1]:T[j]. O
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Based on Lemmas 5.5 and 5.6, a general dynamic programming algorithm
can be readily constructed, characterized by an overall O(nm max(a, §))-time
and O(m?)-space complexity. However, the overhead due to the computation of
the sets .7-';“ and I]’iC turns out to be quite large. By suitably preprocessing the
pattern with the DAWG data structure, as will be described in the next section,
the M-SAMPLING algorithm succeeds in drastically reducing such a overhead (see

Fig. 5.7). The code of the algorithm M-SAMPLING is shown in Fig. 5.6.

Efficient computation of the sets .7-"]’-“ and Ij’-€

An efficient method for computing the sets ]-"]’-C defined above, for 1 < k < a and
k—1 < j < n, makes use of the DAWG of the pattern P and of the function
end-pos. Later we also show how to compute efficiently the sets I]’-“.

Let #(P) = (Q,%, 6, r00t, F) be the DAWG of P. For each position j in
T, let P’ be the longest factor of P, of length at most «, which is a suffix of
Tj, let g; be the state of .#(P) such that R,(P’) = ¢;, and let I; be the length
of P’. We call the pair (g;,!;) a T-configuration of % (P). The idea is then to
compute the T-configuration (g;,l;) of Z(P), for each position j of the text,
while scanning the text. The set .7-'11C computed at previous iterations are not
maintained explicitly; rather, only T-configurations are maintained. These are
then used to compute efficiently the set .7-";.“ only when needed.

The longest factor of P ending at position j of T is computed in the same
way as in the Forward-Dawg-Matching algorithm for the exact pattern matching
problem (cf. [30]). Specifically the algorithm makes use of an improved suffix link
function sf* : Q — @, defined as

s0*(g) = suf(q) if context(q) # context(suf(q))
st*(suf(q))  otherwise

where context(q) = {¢ € ¥ | d(¢g,¢) # NIL} is the set of all characters which
label an outgoing transition from state q. Rougly speaking, given a node ¢ of the
automaton, the improved suffix link function jumps directly to the first node in
the suffix path which has a context different from context(q).

Since we are interested in factors of length at most «, we maintain the invari-
ant that the current state of the automaton never corresponds to factors longer
than o (we discovered that a similar idea was used in [65]).

Let (gj—1,lj—1) be the T-configuration of .7 (P) at step (j — 1). Two cases



84 The approximate string matching problem

DAWG-DELTA(q, 1, k, ¢, B)
1. if [ = k then
2 l+1-1
3 if length(sufz(q)) =1
4. then g < sufz(q)
5. if d5(q,c) = NIL then
6.
7
8
9

do
q «+ sl (q)
while ¢ # NIL and §5(q, ¢) = NIL
. if ¢ = NIL then

10. l <+ 0,q < rootn
11. else | < length(q) + 1
12. q < 65(q,c)
13. elsel <+ 1 +1
14. q < d5(q,¢)

15. return (q,1)

Figure 5.5: the DAWG state update algorithm.

must be distinguished.

Case [;_1 < o: The new T-configuration (g;,1;) is set to (6(g, T'[j]), length(q) +
1), where ¢ is the first node in the suffix path

(gj-1, suf (gj—1), suf P (gj—1), . ..)

of ¢;_1, including ¢;_1, having a transition on T[j], if such a node exists;

otherwise (gj,1;) is set to (root,0).2

Case [;_1 = a: We first compute the T-configuration corresponding to the factor
Tlj—a+1..5—1] of P of length (o« — 1) ending at position j — 1 in T,

namely the T-configuration (¢;_;,1}_;), where

(@l y) = (suf(gj-1),lj—1 =1)  if length(suf(gj-1)) = lj—1 =1
Jmb s b (qj—1,1lj—1—1) otherwise.

Then we compute the new T-configuration (g;, ;) starting from (¢;_,,1;_;)
as in the previous case, observing that 1;71 = «a — 1. The algorithm to
update the T-configuration of the DAWG .#(P) is given in Fig. 5.5, where
sf* denotes the improved suffix link [30].

2We recall that suf(o)(q) =per ¢ and, recursively, suf<h+l)(q) =Def suf(suf(h)(q))7 for
h > 0, provided that suf() (q) # root.
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Before explaining how to compute the sets ]-'j’?, it is convenient to introduce
a partial function ¢ : Q@ x N — @ which, given a node ¢ € @ and a length
k < length(q), computes the node ¢(q,k) whose corresponding set of factors
contains the suffix of val(q) of length k. This is the same as saying, more formally,
that ¢(q, k) is the node suf @ (¢) such that

length(suf "t (q)) < k < length(suf'" (q)),

for each ¢ € @Q and each integer k < length(q). Roughly speaking, ¢(q, k) is the
first node p in the suffix path of g such that length(suf (p)) < k.

In the preprocessing phase, the DAWG .Z (P) = (Q, %, 6, root, F') is computed
together with the associated end-pos function. Since for a pattern P of length m
we have that |Q| < 2m + 1 and |end-pos(q)| < m, for each g € Q, we need only
O(m?) extra space (see [11, 28]).

To compute the set .7-';“, for 1 <k <;, one can take advantage of the following
relation
FF = end-pos(4(q;, k)) - (5.3)

J

Notice, in particular, that we have .7-';-7 = end-pos(q;).
The time complexity of the computation of ¢(g, k) can be bounded by the
length of the suffix path of node q. Specifically, since the sequence

(length(suf V) (q)), length(suf P (q)), ..., 0)

of the lengths of the nodes in the suffix path from ¢ is strictly deacreasing, we
can do at most length(q) iterations over the suffix link, obtaining a O(m)-time

complexity.

According to Lemma 5.5, a translocation of length 2k at position j of the text
T is possible only if factors of P of length at least k have been recognized at both
positions j and j — k, namely if I; > k and [;_ > k.

Let (k1,ko,..., k) be the increasing sequence of all values k such that 1 <
k < min(l;,lj_r). For each 1 < i < r, condition (b) of Lemma 5.5 requires
member queries on the sets ]—'f" and }"J].fikm.

We notice that, if we proceed for decreasing values of k, the sets }"J’»‘?, for

1 <k <1, can be computed in constant time. Specifically, the set .7-';-C can be

computed in constant time from .7-']’-““, for k =1,...,1; — 1, with at most one
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iteration over the suffix link of the state ¢(g;, k + 1).
The computation of F, J]fj r, has a O(a)-time complexity, since length(q;—x,) <
«a. To compute .ijjki, fori=r—1,r—2,...,1, we distinguish the following two

cases:

Case ki1 = ki +1: Let ¢ = ¢(qj—p,,,,kiy1). Given the node ¢’ computed in
the previous iteration, the node ¢(g;_,, k;) can be computed in two steps:
first, we look up the node corresponding to the suffix of length k;11 — 2
of the factor represented by ¢/, with at most two iterations of the suffix
link of ¢’; then, we perform a transition on T'[j — k;] on the node so found.

Formally:
DGk ki) = 0(p(q ks — 2), T — ki) -

Case kij;1 > k; +1: Observe that [;_, < s — 1 must hold, for each s = k;1 —
1,...,k; + 1. In particular, we have l;_(;,41) < k; which implies that
lj—k;, < ki +1since l; <l;_1 + 1 always holds. Hence, the computation of

&(qj—r,, ki) requires at most one iteration of the suffix link of ¢;_,.

Thus, in both cases, ]-'j]-ci k, can be computed in constant time, forl<i<r.
Therefore, the total complexity for computing all the sets F J’“_ g fori=1,....r,

is O(a).

Next, to compute the sets I]’»C we use the DAWG Z(P") of P". Specifically,
we compute the longest reversed factor ending at j and maintain the invariant
that the current state of the automaton never corresponds to factors longer than
B, using algorithm given in Fig. 5.5, as for the computation of the sets .7-']’?. Let
(¢},15) denote the T-configuration of 7 (P") after having read the character of T
at position j, where [} is the length of the longest reversed factor of P recognized.
Then the sets IJ’-“ can be computed, for 2 < k <1}, by

Ij’? ={i| (m—i+k—2)€ endpos(d(q; k))}. (5.4)
Indeed, i € ZF iff Pli —k+1..i] = (T[j — k+1..4])" iff
Plm-1)—i.(m—-1)—(Gi—k+1)]=(Pli—k+1..) =T)j—k+1.j].

Thus (5.4) follows, as the latter is equivalent to (m—i+k—2) € end-pos(¢(q;, k)).

For each k = 1,...,1Y,

on the sets ZF. As in the case of the sets FJ, the set end-pos(¢(gj,k)) can be

condition (c) of Lemma 5.5 requires member queries
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M-SampLiNG (P, T, o, 8, F, F')

/* F is the DAWG of P and &' is the DAWG of P" */

1. m<+ |P|, n<+ |T|
2. (qo,lo) < DAWG-DELTA(r00t 2, 0, o, T'[0], F)
3. (qh,1y) + DAwG-DELTA(r00t 5/, 0, B, T[0], F')
4. So« 0
5. if P[0] = T'[0] then Sy + {0}
6. for j < 1ton—1do
7. (qj,1;) <= DAWG-DELTA(q;j—1, -1, , T[j], F)
8. (45,1") + Dawc-DELTA(q], 1", B, T[4], F')
9. S]‘ «— 0
/* STANDARD MATCHES */
10. if P[0] = T'[j] then S; < {0}
11. for i € S;_1 do
12. if i <m —1and P[i+ 1] = T[j] then
13. S; « S;U{i+1}
/* INVERSIONS */
14. P g}
15. for k + I’ downto 2 do
16. for i € S;_ U{—1} do
17. if (m — 2 — i) € end-pos'(p) then
18. S; « S; Ui+ k}
19. if k = length(suf z/(p)) + 1 then
20. p <+ suf z/(p)
/* TRANSLOCATIONS */
21. last < 0
22. P qy
23. for k + I; downto 1 do
24. if k<jand k <1[;_; then
25. if last = k + 1 then
26. while p’ # root g
and k — 1 < length(suf & (p’)) do
o7, P suf (')
28. p b6z, Tl —k])
29. else
30. p’ qj—k
31. while k < length(suf & (p')) do
32. p' < suf z(p")
33. last + k
34. for i € S;_2, U {—1} do
35. if (i + k) € end-pos(p)
and (i + 2k) € end-pos(p’) then
36. S; — 8; U {i+ 2k}
37. if k = length(suf #(p)) + 1
38. then p « suf z(p)
39. if (m —1) € S; then
40 Output(j)

87

Figure 5.6: The M-SAMPLING algorithm for solving the pattern matching problem

with translocations and inversions.

computed in constant time, in decreasing order of k, by iterating the suffix link

on ¢}. Although Ij’-C is not equal to end-pos(4(gj, k)), a member query on I]’-C can

still be done in constant time using (5.4).
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5.2.3 Complexity analysis

We first analyze the worst-case time complexity of the M-SAMPLING algorithm
and then its average-case complexity. Our analysis assumes that sets are imple-
mented as bit vectors so that any member query on a set takes constant time.

We shall also evaluate the space complexity of the M-SAMPLING algorithm.

Worst-case analysis

First of all, observe that the main for-loop at line 6 is always executed n times.
Moreover, observe that |S;| < m, [; < a, and I < 8, for all 0 < j < n. For each
iteration of the for-loop at line 23, the amortized cost of the two while-loops at
lines 26 and 31 is O(1). Thus, at each iteration of the main for-loop, the for-loop
at line 11 takes at most O(m)-time while the for-loops at lines 15 and 23 take at
most O(mp)- and O(ma)-time respectively. Summing up, the algorithm has a
O(nmmax(a, 3)) worst-case time complexity, which becomes O(nm?)-time when
max(a, 3) = ©(m).

Average-case analysis

Next, we evaluate the average time complexity of the algorithm M-SAMPLING

assuming a uniform distribution and the independence of characters.

Given integers 1 < «,8 < m < n and an alphabet X of size ¢ > 4, for
j=0,1,...,n—1, we consider the following nonnegative random variables over

the sample space of the pairs of strings P,T" € ¥* of length m and n, respectively:

— X(j) =p. thelength [; < « of the longest factor of P

which is a suffix of T},

~Y(j) =p. thelength I} < of the longest factor of P

which is a suffix of T},

~Z(j) =pe |S;j|, where we recall that S; ={0<i<m—1| P, J,q T;}.

Then the run-time of a call to the M-SAMPLING algorithm with parameters
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(P, T,«, ) is proportional to

n—1 Y (5) X (1)
ZG-10)+> ZG—k)+ D> 2(G-2k)+X0) | |, (5.5)
j=1 k=2 k=1

where the external summation refers to the main for-loop (at line 6), and the
three terms within it take care of the internal for-loops at lines 11, 15, and 23,

in that order.

The average-case complexity of the M-SAMPLING algorithm is thus the ex-

pectation of (5.5), which, in view of the linearity of expectation, is equal to

n—1 Y (5) X ()
DNEZG-D)+E( D ZG—k) | +E( D Z(—2k) | + E(X()))
j=1 k=2 k=1
(5.6)
Since
E(X(j)) < E(X(n-1))
E(Y(j)) < EY(n-1))
E(Z(j) < E(Zn-1)),
for 0 < j <n—172 and also
E(X(n—1))=EY(n-1)),
by putting
X =psX(n—1) and Z =p.Z(n—1),
expression (5.6) gets bounded from above by
n—1 X X
Z(E(Z) +E<Z Z> +E<Z Z) +E(X)> . (5.7)
j=1 k=2 k=1

Fori=0,...,m —1, let Z; be the indicator variable

1 ifieSn

0 otherwise,

3In fact, for j = m,...,n — 1 all inequalities hold as equalities.
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so that
m—1
Z=Y 7 and  E(Z})=E(Z)=Pr{P, 3 T}.
i=0
Likewise, for k =1,...,m, let X, be the indicator variable
1 ifX>k
Xk :Def
0 otherwise,
so that

X=> X, and E(X})=E(X;)=Pr{X >Fk}.
k=1

The we have

éZXZ (iXk> (

k=1

m—1

1 m
Zi> = Z X.Z;.

=0 =1 =0

<

Therefore

X X m m—1
E(ZZ)SE< Z)ZZE(XICZ»,
k=2 k=1 k=1 i=0

yielding the following upper bound for (5.7):

n—1 m m—1
Z(E(Z) +2:-3 3 E(XiZi) + E(X)) . (5.8)
j=1 k=1 i=0

To estimate each of the terms E(X;Z;) in (5.8), we use the well-known

Cauchy-Schwarz inequality which in the context of expectations assumes the form

[EUV)| < VEU)EWV?),

for any two random variables U and V such that E(U?), E(V?) and E(UV) are
all finite.

Then, for 1 <k <mand 0 <i<m — 1, we have

E(XrZ;) < \|E(X)E(Z}) = V E(Xk)E(Z;) . (5.9)



5.2. Approzimate string matching with inversions and translocations 91

From (5.9), it then follows that (5.8) is bounded from above by

Ti(E(Z) +2 im_ E(Xy)E(Z;) +E(X)>
j=1 k=1 i=0
_nz< (i«/ Xk> (Z\/ >+E ) (5.10)
k=1

To better understand (5.10), we evaluate the expectations E(X) and E(Z)

and the sums Y ;" | \/E(X}) and >." ' VE(Z;). To this purpose, it will be

useful to estimate also the expectations
o F(Xy)=Pr{X >k}, for 1 <k<m,and
e F(Z;))=Pr{P; Jpa T}, for0<i<m-—1.

Concerning F(Xy) = Pr{X > k}, we reason as follows. Since Tn —k..n —
1] ranges uniformly over a collection of o* strings and there can be at most
min(o*, m — k + 1) distinct factors of length k in P, the probability Pr{X > k}
that one of them matches T'[n — k..n — 1] is at most min (1, GkH) so that, for

k=1,...,m, we have

(5.11)

E(Xy) < min <1, m—k—i—l) .

ok

Then, in view of (5.11), we have:

Zz Pr{X—z}—ZPr{X>z}<me( Z+1) . (5.12)

Let k be the smallest integer 1 < k < m such that m;i’ﬁ“ < 1. Then from (5.12)

we have

m

1
Z1+Z L 14 (m- 1))~

1=

Eall

(5.13)
_ —k+1 - _
Sy SR S S RN S
c—1 ok o—1

SinceM>1 then "' <m— (k+1)+1<m—1, so that

ok+1

k+1<log,m. (5.14)
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From (5.13) and (5.14), we obtain
E(X) <log,m. (5.15)

Likewise, from (5.11) and (5.14) we have

i U m—k+1 o m—k+1
< =
S VB < 3 fmin (1) =S e Yk
k=1 k=1 k=1 k=k
_ AN | Vo m—k+1
<k-14vVm-k+1- —<k—-1+ —
kz_:k\/o Vo —1 ok
(5.16)
_ NG _
k—1 <k+1<]I
< +ﬁ*1_ + 1 <log, m,

where k is defined as above.
Next we estimate E(Z;) = Pr{P;, Jy,qa T}, for 0 <i<m — 1.

Let us denote by (i) the number of distinct strings which have an md-match

with a given string of length i and whose characters are pairwise distinct. Then

4+ 1
PT{P,' gmd T} S Lﬂ
Uz-i—l
From the recursion
p(0) = 1 )
K1
ph+1) = Yh_on(h)+ 53  alk—2h—1)  (for k= 0),

it is not hard to see that pu(i +1) < 3%, for i = 0,1,...,m — 1, so that we have

%

E(Z;) = Pr{P; Jna T} < pras (5.17)
Then, concerning F(Z), from (5.17) we have
m—1 m—1 m—1 31 1 1 1
E(Z):E<Zzi>:ZE(Zi)SZUi+1<U' 5 =5 <161y
i=0 =0 i=0 o

(we recall that we have assumed o > 4).
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Likewise, from (5.17) we have

3
L

m—

Z VE(Z) <Y Uf’il < 1 L (5.19)

i= i=0

From (5.18), (5.15), (5.16), and (5.19), it then follows that (5.10) is bounded
from above by
(n—1)-(9log, m+1),

yielding a O(nlog, m) average-time complexity for the M-SAMPLING algorithm.

Space complexity

In order to evaluate the space complexity of the M-SAMPLING algorithm, we
observe that in the worst case, during the j-th iteration of its main for-loop,
the sets ff_k and S;_ok, for 1 < k£ < o, must be kept in memory to handle
translocations, as well as the sets S;_, for 2 < k < 3, to handle inversions.
However, as explained before, we do not keep the values of }'J’-C_k explicitly but
we rather maintain only their corresponding T-configurations of the automaton
Z (P). Thus, we need O(«a)-space for the last a configurations of the automaton
and O(mmax(«, B))-space to keep the last max(2«, 3) values of the sets S;_,
considering the maximum cardinality of each set is m. Observe also that, although
the size of the DAWG is linear in m, the end-pos(-) function can require O(m?)-
space. Therefore, the total space complexity of the M-SAMPLING algorithm is
O(m?).

5.2.4 A bit-parallel implementation

In this section we present an efficient simulation of the M-SAMPLING algorithm

based on bit-vectors.

We associate a bit vector pos to each node of the DAWG. For each node ¢
of the DAWG of P, pos(q) encodes the end-pos function, while, for each node ¢
of the DAWG of P', pos(q) encodes the starting positions in P of the reversed
factors represented by the node, i.e., {(m —1—1) | i € end-pos(q)}. The bit-

vectors F;? and I;? , corresponding to .7-']]4€ and Ijl€ respectively, can be computed by
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the following assignments:

FE «  pos(¢(g;, k)
5 < pos(¢(q}. k) < (k—1).

Each set S; is mapped into a corresponding bit-vector S;. Finally, for each
character ¢ of the alphabet X, a bit mask B|[c], representing the positions of ¢ in
P, is maintained.

The algorithm scans T from left to right and, for each position j > 0, it

computes the vector S; in terms of S;_1, of S;_ap, Fj > and F yfor 1 <k <,
and of S;_ and I? for1 <k< l;, with the following bitwise operations:

Sj + (S < 1) |1) & B[T]]]
Si ¢« S L (((((Sj—2r < k) [ 10M1) & FY) < k) & FY_y)
Si « Sil(((Sj—r < k) [10°71) & 17),

corresponding respectively to the relations:

S; = {i+1:ie€8_U{-1}AP[i]=T[]}
S; = SjU{i+2k:ie€S o U{-1}A(i+k) e FFAG+2k)eF),}
Sj = SjU{i+kJ:iESj_kU{—l}/\(i+k)EI]]-C}.

During the j-th iteration, if the m-th bit of S; is set to 1, i.e., if S; & 10™~1 # 0™,
a match at position j is reported.

The algorithm has a O(n max(«, 5)[m/w]) worst-case time complexity and a
O((m+0)[m/w])-space complexity, where o is the size of the alphabet. When the
length of the pattern satisfies m < w, the worst-case time and space complexity

become O(nmax(a, 8)) and O(c + m), respectively.

5.2.5 Computing the minimum cost

For some applications it is not enough to find all the approximate occurrences
of the pattern; rather, it can also be important to compute, for each match, the
associated minimum cost. In this section we show how to extend the dynamic
programming algorithm to compute the minimum cost under the md distance,
where §(zw,wz) and §(z, 2") are the cost of a translocation and inversion opera-
tion, respectively. The equation and the recurrence to compute the sets S; can be

easily modified to compute, for each i € S;, the distance md(P;, S[j —i+1..j]).



5.2. Approzimate string matching with inversions and translocations 95

To ease the formalization, we represent S as a matrix n x m, where
Sji =md(P;, S[j —i+1..7])

for 0 < j < nand 0 < i < m. In this scenario we must take care not to
consider a translocation or an inversion when z = w or z = 2" (e, z is a
palindrome), respectively. To this end, we shall make use of the following simple

result concerning the end-pos(-) function:

Lemma 5.7. Given a string P € ¥* and strings u,v € Fact(P) such that |u| =
|v|, then the following implication holds

(end-pos(u) Nend-pos(v)) # D —u=v. O
Based on Lemma 5.7, condition (b) of Lemma 5.5 can be modified as follows:
(i—k)eFFNi€Fr  Nig¢g FFAG—2k) €S 0 U{-1}

i.e., we add the condition i ¢ .7-']’4C to verify that .7:]’? and ]-']’?_ . do not represent

the same factor.

Similarly, condition (c¢) of Lemma 5.5 can be modified as follows:
PiE€ETFNIEFyA(i—k) €S;_r U{-1}

i.e., we add the same condition i ¢ j’-"j’-€ to verify that F j’-“ and Ij’-€ do not represent
the same factor. Indeed, it is easy to see that if this is the case, then the implied
factor is a palindrome. Within this new formulation we have to compute }'jk, for
i =0,...,0}. This can be easily achieved in two steps; we first compute the node

q correspoding to the longest factor of P ending at j with length at most [}:

q:{ Slagly) il > 15

q; otherwise.

Then, in the loop which handles inversions, we compute .7-']’-“7 fori=0,..., l5, in
decreasing order of k, with at most one iteration over the suffix link of q. Note
that, if [; < [7, the sets ]-"j’-c are empty, for k = [; +1,...17, and so we start
iterating after 7 — [; steps . With this modification, the complexity of the loop

to compute inversions becomes O(max(c, 3)).
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We are now ready to describe how to compute the matrix S. The element

§;.i can be recursively defined as follows:

Sj,i = mln(gl(za])a92(Z7.7)7g3(27.])) )

where the functions g1, g2, and gs map a pair of indices (7,j) onto the cost of
converting P; into the substring of length i ending at j with a standard match,
a translocation, and an inversion ending at j respectively. These functions are

defined as follows:

Sj—t1i-1 if i >0 and S;_1,;-1 < oo and P[i] = T'[j]
91(1,7) =140 if i = 0 and P[i] = T[j]
00 otherwise

Sj_ok,i—2k + d(zw,wz) if ¢ > 2k and Sj_2k,i—2r < 00 and
(i—k)e F}“ and i € Ff_k \FJIC

92(i,7) = 4 6(zw, wz) ifk<i<2k aundi—kEFjZ€

and i € ijfk \F;c

00 otherwise

Sj—ki—k+0(2,2") ifi>kand Sj_gi—r <ocoandié€ IJ’»C \ Ff
93(i,5) =4 6(z,2") ifz'<I€aundielj’-“\F]IC

00 otherwise.

Observe that, by using a matrix representation, the average size of the row S; is

©(m); hence, the average time complexity of the algorithm becomes O(nmlog, m).

5.2.6 Experimental evaluation

Next we present some experimental results which allow to compare, in terms
of running times, the M-SAMPLING algorithm, based on the DAWG approach,
against its direct dynamic programming implementation. We have also included
in our comparison the variant BPM-SAMPLING of the M-SAMPLING algorithm.

We remark that sets have been implemented as bit vectors also in the first two

algorithms, so that member and insert operations can be performed in constant
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30000

‘Naive imp‘lemen/tatio‘n [
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25000 | BF’/MisampIing — |

/*//
20000 /

time in milliseconds

M-S BPM-S
8 740.82 402.26

1 16 911.21 503.96
32 | 1068.46 615.47
64 | 1473.12 | 1462.29

15000 -
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Figure 5.7: Experimental results relative to a DNA sequence of the Escherichia coli
genome with o = 4. Running times (ms) are also tabulated for small values of m to ease
the comparison between the M-SAMPLING algorithm (M-S) and the BPM-SAMPLING
algorithm (BPM-S).

time.
Iteration over the elements of a set represented as a bit vector can then be

implemented efficiently in time proportional to its cardinality by repeatedly
(a) extracting the lowest bit set,

(b) computing its index, and

(c) masking it, until there are no more bits set.

In the BPM-SAMPLING algorithm, bitwise operations have a ©([m/w]) com-
plexity, since they have to update [m/w] words. Instead, in the M-SAMPLING
algorithm the corresponding operations have a ©([m/w] + |S;|) complexity, be-
cause, for each word of the bit vector that encodes S;, it iterates over all the bits
set (|S;] in total). Since, on average, the sets S; contain only a few elements, the
average complexity of iterating over all the elements of a set is O([m/w]). The
tests have been performed on a 1.5 GHz PowerPC G4. We used the input files
(iii) and (iv) (see Section 2.6). For each input file, we have generated sets of 50
patterns of fixed length m, randomly extracted from the text, for m ranging in
the set {8, 16, 32, 64, 128, 256, 512}. For each set of patterns, we have calculated
the mean over the running times of the 50 runs.

As can be seen from the plots in Figs. 5.7 and 5.8, the M-SAMPLING algo-

rithm is considerably faster than its naive implementation. Indeed, even if their
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7000

"Naive imﬁlem;en’tatio‘n [
M-Bampling -------
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000 | E L ] 8 | 247.00 141.53
g 7 16 | 273.77 | 162.10

2000
32 | 294.60 | 183.24
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1000
P

100 200 300 400 500
pattern length

Figure 5.8: Experimental results relative to a protein sequence of the Saccharomyces
cerevisiae genome with o = 20. Running times (ms) are also tabulated for small values
of m to ease the comparison between the M-SAMPLING algorithm (M-S) and the BPM-
SAMPLING algorithm (BPM-S).

asymptotic time complexity is the same, the hidden constant in the naive im-
plementation, due to the explicit computation of the sets ]—"j’-C and I]’?, is quite
large. In our experiment with a computer word of size 32, it turns out that the
BPM-SAMPLING algorithm is faster than the M-SAMPLING algorithm only for
m < 32, as can be observed by looking at the running times (ms) reported in the
tables. As explained above, the complexity of the bitwise operations is the same,
on average, for both algorithms. However, the M-SAMPLING algorithm scales
better because it requires fewer bitwise operations. Finally, observe that the
rate of growth of the M-SAMPLING and the BPM-SAMPLING algorithm matches
the average O(nlog, m)-time complexity estimated in Section 5.2.3 under the

assumptions of equiprobability and independence of characters.



Chapter 6

The compressed string

matching problem

The compressed string matching problem consists in finding all the occurrences
of a pattern in a text stored in compressed form. A straightforward solution
is the so-called decompress-and-search strategy, which consists in decompressing
the text and then using any classical string matching algorithm for searching.
However, recent results show that in many cases searching directly in compressed
texts can be more efficient. In Section 6.1 we discuss this problem when the
compression method employed is an optimal prefix code (we recall that a prefix
code is a variable-length code with the property that no codeword is a prefix
of any other codeword in the set). This compression method is also known as
Huffman coding [40]. The limitation of using a variable-length code is that the
decoding of the compressed text must be performed from left to right and no bit
can be skipped. For this reason, it is natural to try to adapt the Knuth-Morris-
Pratt algorithm rather than Boyer-Moore like algorithms to work directly on the
compressed text. Daptardar and Shapira proposed [62] a modified Knuth-Morris-
Pratt algorithm, while Takeda et al. proposed [64] a modification of the Aho-
Corasick algorithm. We present a method to solve the string matching problem
on Huffman encoded texts that makes it possible to skip bits when decoding, by
making use of a fairly recent data structure, named skeleton tree [44], to represent

a prefix code.

In Section 6.2.1 we investigate this problem when the compression method

99
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used is the Burrows-Wheeler transform [15]. The Burrows-Wheeler transform
(BWT) is a reversible transformation which yields a permutation of the text that
can be better compressed using the combination of a locally-adaptive encoding,
such as move-to-front [10], and statistical methods [40, 67]. The main issue which
arises in this case is that in the decoding phase the text must be preprocessed at
least once and O(n)-space is needed for the preprocessed data, where n is the text
size. In particular, finding the set of positions of the pattern in the text requires
three iterations over the text and ©(n)-space. Instead, counting the occurrences
of the pattern in the text requires two iterations over the text and ©(n)-space.
We present a new method to solve the problem of counting the occurrences of
a pattern in a BWT encoded text that requires one iteration only over the text
and O(n)-space. Despite the space used is still bounded by n, for large alphabets
the actual space compares favorably with the total size of the text.

6.1 String matching on Huffman encoded texts

We investigate next the string matching problem on Huffman compressed texts.
The Huffman data compression method [40] is an optimal statistical coding. More
precisely, the Huffman algorithm computes an optimal prefix code relative to given
frequencies of the alphabet characters. A prefix code is a set of (binary) words
containing no word which is a prefix of another word in the set. Thanks to such
a property, decoding is particularly simple. Indeed, a binary prefix code can be
represented by an ordered binary tree, whose leaves are labeled with the alphabet
characters and whose edges are labeled by 0 (left edges) and 1 (right edges) in
such a way that the codeword of an alphabet character is the word labeling the
branch from the root to the leaf labeled by the same character.

Prefix code trees, as computed by the Huffman algorithm, are called Huffman
trees. These are not, by any means, unique. The usually preferred tree for a given
set of frequencies, out of the various possible Huffman trees, is the one induced
by canonical Huffran codes [61]. This tree has the property that, when scanning
its leaves from left to right, the sequence of their depths is nondecreasing.

When performing a search on the bitstream of a Huffman encoded text by a
classical string matching algorithm, one faces the problem of false matches, i.e.,
occurrences of the encoded pattern in the encoded text which do not correspond to
occurrences of the pattern in the original text. Indeed, the only valid occurrences

of the pattern are those correctly aligned with codeword boundaries, or, otherwise
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t: 00 , O,
e: 01 / \

O O o
w: 100 YN / \ twenty  0010001110001110
a: 101 ©) U/O\l . O\1 ten 0001110
n 110 o) o ey ten 0001110
y: 1110 VN
b: 1111 [©)

Figure 6.1: A Huffman code for the set of symbols {t, e, w, a, n, y, b}. The binary
string 0010001110001110 is the encoding of the string twenty, where a “bar” indicates
the starting bit of each codeword. Two occurrences of the binary string ten start at the
4-th and 10-th bit of the encoded version of the string twenty. Both of them are false
matches.

said, valid matches must start on the first bit of a codeword. Consider, for
example, the Huffman code presented in Fig. 6.1. Note that there are two false
occurrences of the string ten starting at the 4-th and at the 10-th bit, respectively,
of the encoded string twenty. Thus a verification that the occurrences detected
by the pattern matching algorithm are correctly aligned on codeword boundaries

is in order.

False matches can be avoided by using codes in which no codeword is a prefix
or a suffix of any other codeword. However, such codes, which are called affix or

fiz-free, are extremely infrequent [35].

Klein and Shapira [46] showed that, for long enough patterns, the probability
of finding a false match is very low, independently of the algorithm. They then
proposed a probabilistic algorithm which works on the assumption that Huffman

codes tend to realign quickly after an error.

More recently, Shapira and Daptardar [62] proposed a modification of the
Knuth-Morris-Pratt algorithm [47], here referred to as HUFFMAN-KMP, which
makes use of a data structure, called skeleton tree [44], suitably designed for
efficient decoding of Huffman encoded sequences. The resulting algorithm is
characterized by fast search times, if compared with the decompress-and-search
method.

Algorithms based on the Boyer-Moore algorithm [14] have been considered
unsuitable for searching Huffman encoded texts because the right-to-left scan
does not allow one to determine the codeword boundaries in the compressed
text, unless the text is decoded from left to right. In addition, Boyer-Moore-like

algorithms are generally considered unsuitable for binary alphabets.
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We present a new way to exploit skeleton trees for adapting Boyer-Moore-like
algorithms to the compressed string matching problem in Huffman encoded texts.
Specifically, we use skeleton trees to verify codeword alignments rather than for
decoding. This allows one to skip up to 70% of bits during the processing of the
encoded text. Futhermore, we make use of algorithms based on the Boyer-Moore
strategy, suitably adapted for searching on binary strings by regarding texts and

patterns as sequences of g-grams rather than as sequences of bits.

6.1.1 Preliminary definitions

A compression method for a given text T over an alphabet 3 is characterized by

a system (€, D) of two complementary functions:
e an encoding function € : ¥ — {0,1}T, and
e an inverse decoding function D,

such that D(E(c)) = ¢, for each ¢ € ¥. The encoding function £ is then recursively

extended over strings of characters by putting

E(e) = ¢
E(T0..4) = ET0..£—1).E(T[E]), for 0 <L <|T|,

so that E(T) = E(T[0..|T| — 1]) is just a binary string, i.e., a string over the
alphabet {0, 1}.

For ease of notation, we usually write ¢ in place of £(T) and, more generally,
denote binary strings with lowercase letters.

Binary strings are conveniently stored in blocks of k bits, typically bytes
(k = 8), half-words (k = 16), or words (k = 32), which can be processed at the
cost of a single operation. If p is any binary string, we denote by B, the vector

of blocks whose concatenation gives p, for a given block size k, so that
pli] = By[li/k]][t mod k], fori=0,...,[p|—1

(we assume that the last block, if not complete, is padded with 0’s).
The sequence of k bits starting at position ¢ in p, denoted by B, ;, can be

computed from B, by the following bitwise operations:

Bpi = (Bp[li/k]] > (i mod k)) | (Bp[li/k] + 1] < (k — (i mod k))),
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(A) Patt 0 1 2 3 (C) Last
0 11001011 00101100 10110000 2
1 01100101 10010110 01011000 2
2 00110010 11001011 00101100 2
3 00011001 01100101 10010110 2
4 00001100 10110010 11001011 00000000 3
5 00000110 01011001 01100101 10000000 3
6 00000011 00101100 10110010 11000000 3
7 00000001 10010110 01011001 01100000 3
(B) Mask 0 1 2 3
0 11111111 11111111 11111000
1 01111111 11111111 11111100
2 00111111 11111111 11111110
3 00011111 11111111 11111111
4 00001111 11111111 11111111 10000000
5 00000111 11111111 11111111 11000000
6 00000011 11111111 11111111 11100000
7 00000001 11111111 11111111 11110000

Figure 6.2: Let P =110010110010110010110 and k = 8. (A) The matrix Patt. (B)
The matrix Mask. (C) The array Last. In the tables Patt and Mask, bits belonging to
P are underlined. Blocks containing a factor of P of length 8 have a shaded background.

fori=0,...,|p| — k.

Thus, a genuine solution to the compressed string matching problem consists
in finding all the occurrences of a pattern P in a text T, over a common alphabet
%, by operating directly on the block vectors B; and B,,, representing the binary
strings t = £(T) and p = E(P), respectively, (again, relative to a fixed block size

The algorithms for the compressed string matching problem in Huffman en-
coded texts, to be presented in Section 6.1.2, are based on a high-level model
to process binary strings, adopted in [45, 43, 32], which we shall review in the

following section.

A High-Level Model for Matching on Binary Strings

Let us assume that the block size & is fixed, so that all the references to both the
text and the pattern will only be in terms of entire blocks of k bits. We refer to
a k-bit block as a byte, though values larger than k£ = 8 can also be used.

We first define a matrix of bytes Patt, of size k x ([m/k] + 1), consisting of
several copies of the pattern P stored in the form of a vector B, of bytes, where
p = E(P) and m = |p|. More precisely, the i-th row of the matrix Patt, for
1=0,1,...,k — 1, contains a copy of p shifted by 7 positions to the right, whose
length in bytes is m; = [(m + ¢)/k]. The i leftmost bits of the first byte remain
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undefined and are set to 0. Similarly, the rightmost ((k—((m + ¢) mod k)) mod k)
bits of the last byte are set to 0.

Observe that each factor of p of length k appears exactly once in the table
Patt. For instance, the factor of length k starting at position j of p is stored in
Pattlk — (j mod k), [5/k]].

The matrix Patt is paired with a matrix of bytes Mask, of size kx ([m/k]+1),
containing binary masks of length k, which allow to distinguish between signifi-
cant and padding bits in Patt. In particular, a bit in the mask Maskl[i, h| is set
to 1 if and only if the corresponding bit of Pait[i, h] belongs to p.

Finally, we define a vector Last, of size k, where Last[i] is the index of the
last byte in the row Patt[i], i.e., Last[i] = m; — 1, for 0 < i < k.

The procedure PREPROCESS used to precompute the above tables requires
O(k x [m/k]) = O(m) time and O(m) extra-space. Fig. 6.2 shows the tables
Patt, Mask, and Last relative to the pattern P =110010110010110010110, for a
block size k = 8.

When the pattern is aligned with the s-th bit of the text, a match is reported
if

Patt[i, h] = By[j + h] & Mask[i, h],
for h =0,1,..., Last[i], where
e B, is the block representation of the text encoding ¢t = £(T),
e j = |s/k] is the starting byte position in ¢, and

e i = (smod k).

6.1.2 Skeleton tree based verification

The skeleton tree [44] is a pruned canonical Huffman tree, whose leaves corre-
spond to minimal depth nodes in the Huffman tree which are roots of complete
subtrees. It is useful to maintain at each leaf of a skeleton tree the common length
of the codeword(s) sharing the prefix which labels the path from the root to it.
A fast algorithm for building skeleton trees is described in [44]. Fig. 6.3 shows a
canonical Huffman tree and its corresponding skeleton tree, for the set of symbols
¥ ={a,b,c,d,e,g,i,k,1,r,t,u}, relative to suitable character frequencies.

Skeleton trees allow a faster Huffman decoding because, once the codeword

length has been retrieved at its leaves, it is possible to read a burst of bits to
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b : 00
i 01

d : 1000
t o 1001
a : 1010
ro: 1011
1: 1100
c 1101
g : 11100
k : 11101
u : 11110
e : 11111

Figure 6.3: The Huffman tree induced by a Huffman code for the set of symbols
¥ ={a,b,c,d,e,g,1i,k,1,r,t,u}. The skeleton tree is in bold.

complete the codeword, or just to skip them, if one is only interested in finding
codeword boundaries.

Our approach consists in searching for the candidate occurrences of B, in By,
where we recall that B, and B; are the block vectors respectively associated to
a given Huffman encoded pattern and text, using Boyer-Moore-like algorithms
and then taking advantage of the skeleton tree to verify whether the candidate
matches are codeword aligned. In this way we obtain a substantial speedup,
especially when the frequency of the pattern in the text is low or when the length
of the pattern increases.

For every candidate valid shift s found by the binary pattern matching al-
gorithm, one must verify whether s is codeword aligned. For this purpose, we
maintain an offset p pointing at the starting position of the last window where
a skeleton tree verification took place. The offset p is then updated, with the
aid of the skeleton tree, to a minimal position p* > s which is codeword aligned.
Only if p* = s the current window is codeword aligned and s is a valid shift.
Plainly, the performance of the algorithm depends on the number of skeleton
tree verifications and on the relative distance between candidate valid shifts.

Fig. 6.4 shows the pseudocode for the procedure SK-ALIGN used to update p.
In the pseudocode we assume that the starting value of p is codeword aligned and
that a node = in the skeleton tree is a leaf if the corresponding key is nonzero,
i.e., if Key(z) > 0. If Key(z) = £ > 0 and ¢, is the bit code which labels the path
from the root to x, then all codewords ¢ such that ¢, C ¢ have a length equal to

£. Thus, if we are only interested in the codeword boundaries, we can skip the
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SK-ALIGN (root, t, p, b)

x < root, £ < 0
while TRUE do
B =Bi[lp / k]] < (p mod k)
if B < 2F~1 then z «+ LEFT(2) else = <+ RiGHT(2)
if KEY(z) # 0 then
p<+ p+KeY(x) — £, €+ 0, z < root
if p > b then break
elsep+—p+1, L+ L+1
return p

© OGO WN

Figure 6.4: Procedure SK-ALIGN(root, t, p, b) which computes the next codeword
alignment starting from position p, where root is the root of the skeleton tree, ¢ is the
encoded text in binary form, b is a codeword boundary, and k is the block size.

£ — |c,| following bits and restore the skeleton-tree verification from the first bit
of the next codeword.

Consider, as an example, the search of the pattern P = “bit” in the text
T = “abigblackbugbitabigblackbear”. Suppose, moreover, that codewords
are defined by the Huffman tree of Fig. 6.3, so that p = £(P) =“00011001".

A first candidate valid shift is encountered at position 12 in ¢, as shown below:

101000011110000110010101101111010011110111000001100110100001[- - -]
00011001

verif. 10--0-0-111--0

SIS

The skeleton tree verification starts at position 0 and stops at position 13, skip-
ping 6 bits over 14 (unprocessed bits are represented by the symbol “~”); showing
that the occurrence at position 12 is not codeword aligned.

A second occurrence is found at the 45-th bit of ¢, as shown below

t [---]1000110010101101111010011110111000001100110100001111000([---]
p 00011001
verif. 0-110-10--110-111--0-111--111--0
The skeleton tree verification restarts from position 14 and finds a codeword
alignment at position 45. Thus the occurrence is codeword aligned and the shift
is valid. The verification skips 12 bits over 32.
Finally, a third candidate valid shift is found at the 65-th bit of ¢. This time,

the skeleton tree verification skips 10 bits over 22.
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t [---10001100110100001111000011001010110111101001111110101011
p 00011001
verif. 0-0-10--10--0-0-111--0

The strategy presented above for verifying codeword alignment is general and

not specific to any algorithm.

6.1.3 Adapting two Boyer-Moore-like algorithms for search-

ing Huffman encoded texts

Next we deal with the problem of searching for all candidate valid shifts. For this
purpose, we present two algorithms which are adaptations to the case of Huffman
encoded texts, along the lines of the high-level model outlined in Section 6.1.1,
of the FED algorithm [43] and the BINARY-HASH-MATCHING algorithm [32].

The Huffman-Hash-Matching algorithm

Algorithms in the ¢-HASH family for exact pattern matching have been introduced
in [48], by adapting the Wu and Manber multiple string matching algorithm [69]
to the single string matching problem. Recently, variants of the ¢-HASH algo-
rithms have been proposed for searching on binary strings [32].

The first algorithm which we present, called HUFFMAN-HASH-MATCHING,
associates directly each binary substring of length ¢ with its numeric value in the
range [0, 29 — 1], without using any hash function. To exploit the block structure
of the text, the algorithm considers substrings of length ¢ = k.

To begin with, a function Hs : {0,1,...,2¥ —1},— {0,1,...,m}, defined by

Hs(B):min<{0§u<m|p[m7ufk..mfufl]QB}U{m}),

for each byte 0 < B < 2* is computed during the preprocessing phase. Observe
that if B = p[m — k..m — 1], then Hs[B] = 0.

For example, in the case of the pattern P = 110010110010110010110 (see
Fig. 6.2), we have Hs[01100101] = 2, Hs[11001011] = 1, and Hs[10010110] = 0.
At variance with algorithms in the ¢-HASH family, where the maximum shift is
m — ¢, in this case maximum shifts can reach the value m. Since we do not use a
hash function but rather map directly the binary substrings of the pattern, the
shift table can be modified by taking into account the prefixes of the patterns
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HUFFMAN-HASH-MATCHING (p, m, t, n)

1. root < BUILD-SK-TREE(¢)
(Patt, Last, Mask) < PREPROCESS (p, m)
Hs < COMPUTE-HASH(Patt, Last, Mask, m)
p<+—0
i < (k — (m mod k)) mod k
B <« Patt[i][Last[i]]
shift < Hs|B], Hs[B] < 0
gap+—i+1, j+m-—1
9. while j < n do
10. s« j/k, sl<+j modk
11. B+ Bt,j7k+1
12.  if Hs[B] =0 then

0N DO W

13. i < (sl 4+ gap) mod k

14. h < Last[i], q<+ s

15. while A > 0 and

16. Patt[i, h] = (Btlq] & Maskl[i, h]) do
17. h+<h—-1, g+ q-1

18. if h <0 then

19. b+ (¢q+1)xk+1

20. p < SK-ALIGN(root, t, p, b)

21. if p = b then PRINT(b)

22. j < j + shift

23.  else j < j+ Hs[B]

Figure 6.5: The HUFFMAN-HASH-MATCHING algorithm for the compressed string
matching problem on Huffman encoded texts. Parameters p and t stand for the Huffman
compressed version of the pattern and text, respectively.

Pait[i] of length k—i, with 1 <14 < k—1. Thus Hs can be conveniently computed
by setting Hs[B] = m — k + 4, where 4 is the minimum index such that Patt[i][0]

is a suffix of B, if it exists; otherwise Hs[B] is set to m.

The code of the HUFFMAN-HASH-MATCHING algorithm is presented in Fig. 6.5.
The preprocessing phase of the algorithm consists in computing the function Hs
defined above and requires O(m + k2*+1)-time complexity and O(m + 2¥) extra

space.

During the search phase, the algorithm reads, for each shift position s of
the pattern in the text, the block B = t[s + m — k..s + m — 1] of k bits (line
11). If Hs(B) > 0, then a shift of length Hs(B) takes place (line 23). Other-
wise, if Hs(B) = 0, the pattern p is naively checked in the text block by block
(lines 13-17). The verification step is performed using the procedure SK-ALIGN
described before (lines 18-21).
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After the test, an advancement of length shift takes place (line 22), where
shift = min ({O<u <m|pm—-—u—k.m-—u—1] jp[m—k..m—l]}U{m}).

The HUFFMAN-HASH-MATCHING algorithm has an overall O(|m/k]|n)-time

complexity and requires O(m + 2¥) extra space.

For blocks of length &, the size of the Hs table is 2¥, which seems reasonable
for k = 8 or even 16. For larger values of k it is possible to adapt the algorithm
so as to choose the desired time/space tradeoff by introducing a new parameter
K < k, representing the number of bits taken into account for the computation
of the shift advancement. Roughly speaking, only the K rightmost bits of the
current window of the text are taken into account, reducing the total size of the
tables to 2%, at the price of possibly getting shift advancements of the pattern
shorter than the ones that would have been obtained if the full length of blocks

had been taken into consideration.

The Huffman-FED algorithm

The FED algorithm [43] (Fast matching with Encoded DNA sequences) is a
string matching algorithm specifically designed for matching DNA sequences com-
pressed with a fixed-length encoding, requiring two bits for each character of the
alphabet {A,C,G,T}. It combines a multi-pattern version of the QUICK-SEARCH
algorithm [63] and a simplified version of the COMMENTZ-WALTER algorithm [27].
However, its strategy is general enough to be adapted to different encodings, in-
cluding the Huffman one.

The resulting algorithm, which we call HUFFMAN-FED, makes use of a shift
table § and a hash table ), both of size 2.

More specifically, the shift table § is defined as follows. For 0 < i < k and
c € X, we first define the QUICK-SEARCH shift table ¢s[i][c], by putting

gs[i][c] = min ({mi—2+1}u{mi—2+l—h | Patti][h] = cand 1 < h < Lastm_1}).

Then, we put d[c] = min{gs[i][c],0 < i < k}, for ¢ € X.
The algorithm also maintains, for each block B € {0...2F — 1}, a linked

list A which is used to find candidate patterns. In particular, for each block
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B € {0,...,2F — 1}, the entry A\[B] is a set of indexes, defined by
A[B] ={0 < i < k| Patt[i][Last[i] — 1] = B}.

In practical cases, each set in the table can be implemented as a linked list.

The code of the HUFFMAN-FED algorithm is presented in Fig. 6.6. The pre-
processing phase of the algorithm consists in computing the shift table § and the
hash table A defined above and, as in the HUFFMAN-HASH-MATCHING algorithm,
it requires O(m + k2F+1)-time complexity and O(m + 2*) extra space.

During the searching phase, the algorithm performs a fast loop using the shift
table § to locate a candidate alignment of the pattern (lines 18-20). In particular,
the algorithm checks whether 6[B;[s]] # 1 and, if this is the case, it advances the
shift by 6[Bi[s + 1]] positions to the right.

If §[B;[s]] = 1 then, by definition of §, we have B;[s] = Patt[i, Last[i] — 1],
for some 0 < ¢ < k. In this case the last byte of the current window is used as
an index in the hash table and all patterns Patt[i], such that i € A\[B[s]], are
checked naively against the window (line 7). For each alignment ¢ found, the
pattern Patt[i] is compared block by block with the text.

As in the HUFFMAN-HASH-MATCHING algorithm, one has also to verify that
the window is codeword aligned (line 14-17).

The HUFFMAN-FED algorithm has a O([m/k]n)-time complexity and re-

quires O(m + 2%) extra space.

6.1.4 Experimental evaluation

Next, we present experimental results which allow to compare, in terms of running
times and percentage of processed bits, the following algorithms:

- the HUFFMAN-KMP algorithm (HkMP) [62];

- the HUFFMAN-HASH-MATCHING algorithm (HHM), presented in Section 6.1.3;
- the HUFFMAN-FED algorithm (HFED), presented in Section 6.1.3.

In addition, we also tested an algorithm based on the decompress-and-search
method (D&S for short) that makes use of the 3-Hash algorithm [48] for classical
exact pattern matching, which is considered among the most efficient algorithms
for the problem. The tests have been performed on a 1.5 GHz PowerPC G4. We
used the input files (i), (ii) and (v) (see Section 2.6). For each input file, we
have generated sets of 100 patterns of fixed length m, for m ranging in the set
{4, 8, 16, 32, 64, 128, 256}, randomly extracted from the text. For each set of
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HurFMAN-FED (p, m, t, n)

1. root + BUILD-SK-TREE(¢)
2. (Patt, Last, Mask) < PREPROCESS (p, m)
3. (8,\) < comMPUTE-FED(Pait, Last, m)
4. p+0
5 s=m/k
6. while s <n do
7. for i € A[By[s]] do
8. h + Last[i]
9. g+ s+1
10. while A > 0 and
11. Patt[i][h] = Btlq] & Mask[i][h] do
12. h+h—-1
13. g+—q—1
14. if h <0 then
15. b (qg+1)xk+i
16. p < SK-ALIGN(root, t, p, b)
17. if p = b then PRINT(b)
18. do
19. s < s+ 46[B[s + 1]
20.  while s < n and §[By[s]] # 1

Figure 6.6: The HUFFMAN-FED algorithm for the compressed string matching prob-
lem on Huffman encoded texts. Parameters p and t stand for the Huffman compressed
version of the pattern and text, respectively.

patterns we have reported the mean over the running times of the 100 runs. The
tables also show the minimum (l,,i,) and maximum (/) length in bits of the
compressed patterns. For each set of patterns we have also computed the average

number of processed bits.

In the following tables, running times are expressed in milliseconds whereas
the number of processed bits is expressed as a percentage of the total number of
bits in the text.

The experimental results show that the HUFFMAN-HASH-MATCHING and
HurrMAN-FED algorithms always achieve the best running times. In addition,
the HUFFMAN-HASH-MATCHING algorithm always obtains better results than the
HUFFMAN-FED algorithm. In particular the running times of both algorithms
decrease as the length of the pattern increases, since, as is reasonable to expect,
the frequency of the patterns, and thus the number of skeleton tree verifications,

is inversely proportional to m.

As expected, the HUFFMAN-KMP algorithm maintains the same performance

independently of the pattern frequency. The gain of our algorithms compared
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Running times

‘ l Processed bits

M [lmin,lmax] | HkMP HHM  HFED D&S m| Hxkmp Huom HFED
4 [17,31] 188.64 134.79 146.34 502.82 4] 0.75 0.81 0.95
8 [36,53] 185.77 105.59 112.98 491.87 8| 0.76 0.68  0.77
16 [79,102] 185.99 76.04 81.25 489.03 16| 0.75 0.45 0.53
32 [164,204] 184.23 65.78 70.31 487.74 32| 0.75 0.42 048
64 [336,378] 185.36 64.71 68.91  489.27 64| 0.75 0.38 042
128 [694, 768] 187.73 72.00 77.11 487.31 128| 0.75 0.34 0.37
256 [1383,1545]| 184.09 61.45 65.77 488.46| |256| 0.76 0.34  0.36

Table 6.1: Running times

version of the Bible.

(ms) on the Huffman encoded version of the King James

Running times

‘ | Processed bits

m  [lmin, lmax] | HKMP HHM HFED D&S m| HxkmMp HuM HFED
4 [18,29] 96.35 64.13 74.23 296.69 4| 0.67 0.74  0.98
8 [38,53] 95.50 49.38 56.47 289.82 8| 0.66 0.55  0.68
16 [77,108] 95.23  39.26 45.03 287.78 16| 0.66 0.43  0.50
32 [162,207] 94.74 33.55 38.53 287.34 32| 0.65 0.35 0.40
64 [327,392] 94.99 34.21 39.39 287.85 64| 0.65 0.35 0.38
128 662, 761] 94.42 2854 3292 287.51 128| 0.64 0.29 0.31
256 [1347,1610]| 94.39 29.67 34.18 287.21 256| 0.65 0.30 0.32
Table 6.2: Running times (ms) on the Huffman encoded version of the CIA World
Fact Book.
| Running times | | Processed bits
M [lmin, lmax] | HKkMP HHM HFED D&S m| Hxkmp HHM HFED
4 [18,35] 122.25 87.44 95.44 308.56 4] 0.75 0.81 0.95
8 [37,60] 119.33 73.69 79.74 302.38 8| 0.76 0.68 0.77
16 [83,140] 120.35 45.99 49.67 300.53 16| 0.75 0.45 0.53
32 [171,216] 120.12 45.97 49.70 299.81 32| 0.75 0.42 048
64 [348,525] 119.20 41.86 45.26  300.90 64| 0.75 0.38  0.42
128 [712,1068] | 117.55 37.80 40.83 299.78| [128| 0.75 0.34 0.37
256 [1439,1773]| 124.10 38.43 41.45 300.36| [256| 0.76 0.34 0.36

Table 6.3: Running times

(ms) on the Huffman encoded version of “Don Quixote”.



6.2. String matching on BWT-encoded texts 113

to HUFFMAN-KMP is at least about 20% and grows as the pattern frequency
decreases and the pattern length increases.

Observe that, with the exception of very short patterns, the percentage of
bits processed by our newly presented algorithms is always lower than that of the

HUFFMAN-KMP algorithm and, in many cases, the gain is almost 50%.

6.2 String matching on BWT-encoded texts

In this section we consider the problem of searching for a given pattern in a
text encoded by the Burrows-Wheeler Transform [15]. The Burrows-Wheeler
transform (BWT) is a reversible transformation which yields a permutation of
the text that can be better compressed using the combination of a locally-adaptive

encoding, such as move-to-front [10], and statistical methods [40, 67].

There are two main approaches to searching in an encoded text, offline and
online. In the offline approach the encoded text can be modified and preprocessed
for “free” before searching it. Thus solutions in the offline approach generally
consist in building at encoding time an index of some sort of the encoded data
which can be used to efficiently search arbitrary substrings of the indexed text.
An index should support at least two types of queries: counting the occurrences of
a pattern and locating their positions. Most offline algorithms [55, 33] are based
on the relationship between the Burrows-Wheeler transform and the suffix array
of the text [50]. They consist in creating an index, based on the compression of
the suffix array, which contains the indexed text.

In the online approach the text comes directly in its encoded form and any
preprocessing of the text and pattern can take place only at search time. For this
reason solutions in the online approach have generally a slower searching time
than those based on the offline approach. Traditionally, in the online approach,
only the pattern should be preprocessed. However, existing online algorithms
for the Burrows-Wheeler transform perform a preprocessing also on the encoded
text; in this respect, they are not strictly online. The difference is that in this
case the index is built at search time and resides in main memory. The major
drawback is that they require more than one iteration over the encoded text and
that the size of the preprocessed data is linear in the size of the text.

We propose a new type of preprocessing for online algorithms to answer count
queries. While still requiring linear space in the worst case, it uses less space on

average when the alphabet is moderately large, and requires just one iteration
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i M (id=5) F L \4 w I Hr

1 imississipp [i] [p] [6] 5 [11] [5]

2 ippimississ i s 8 7 8 4

3 issippimiss i s 9 10 5 11 C
4 ississippim i m 5 11 2 9 I
5 mississippi m i 1 4 1 3 nl5
6 pimississip P ) 7 1 10 10 6
7 ppimississi P i 2 6 9 8 pS
8 sippimissis s ] 10 2 7 2 s
9 sissippimis s s 11 3 4 7

10 ssippimissi s i 3 8 6 6

11 ssissippimi s i 4 9 3 1

Figure 6.7: The matrix M and related arrays for the string “mississippi”.

over the encoded text. We also illustrate variants based on this new preprocess-
ing of existing online algorithms and present experimental results under various
conditions. It turns out that such variants show better time and space behaviour,

as compared with solutions currently available in literature.

6.2.1 The Burrows-Wheeler transform

Given a string T of length n, a rotation of T' is a string T'[¢ .. n]T[1 .. i — 1], for any
i=1,...,n. To define the Burrows-Wheeler transform of a given string T'[1..n],
we introduce a conceptual matrix M whose rows are the rotations of T sorted
in lexicographic order. We indicate the i-th row of M with M;, for 1 < i < n.
Fig. 6.7 shows the matrix M corresponding to the string “mississippi”. Note
that each column of M is a permutation of the characters of T. Let F' and L be
the first and the last columns of M, respectively. Hence F', by definition of M,
can be obtained by sorting lexicographically the characters of T, and can thus be
computed from any column of M, in particular from L. Then the BWT-encoding
of T is defined as the pair (L,id), where id is the index in L corresponding to
character T'[n]. It turns out that in general the string L is highly compressible,
as it contains with high probability long runs of identical characters.

The BWT-encoding of a string of length n can be performed in O(n?logn)-
time by the naive method outlined above. If we compute the BWT-encoding
of the string T = T#, obtained by appending to T" a special character # that
is lexicographically smaller than any other character in T', then ¢d is not needed
since the index in L of character T'[n] = T'[n—1] is fixed and equal to 1. Moreover,
in this case sorting the rotations is equivalent to sorting the suffixes which can

be performed using suffix trees [51] or suffix arrays [50].
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The reverse BWT can be computed by a simple method, based on n subse-
quent sortings. However, a more efficient approach, proposed by Burrows and
Wheeler, requires only two iterations over the data and has a linear cost. This
consists in building an array V with the property that, for any character L],
the preceding character in the text is given by L[V[é]]. Thus, the array V' can be

used to decode the text backwards as follows
Tin—i] = L[Vid]], for0<i<n-—1,

where V[j] = j and, recursively, V+1[j] = V[Vi[j]].
Plainly, such transformation is practical only for decoding the entire text
backwards. For left-to-right scanning, one can use a forward transformation,

which is defined by iterating the inverse function W = V=1 as follows
T[] = LIW'[id]], for 1 <i<n.

Both V and W can be computed in linear time, as shown in Fig. 6.8, based on
the following formula
V[i| = C[L]] + rs, (6.1)

where 7; is the number of occurrences of character L[i] in L[1..4] and C is an
array, of dimension o, such that C|c] — 1 is the number of all occurrences in T of
the characters which precede alphabetically ¢, for ¢ € ¥. (Notice that here and
in the following we are implicitly identifying the ordered alphabet ¥ with the
integer range [1..0], where o = |X|.) By definition of M and C, Clc] turns out
to be the index of the first row in M starting with c. Observe that C' can be used
to implicitly define the column F since Clc] and C[c + 1] — 1 are the indexes in

F of the first and last occurrence of the character c, respectively, for each ¢ € X.

6.2.2 Searching on BWT-encoded texts

Let P be a pattern of length m, and let L be the BWT-encoding of a text T
of length n, both over a finite alphabet ¥ of dimension o. In this section we
describe the existing solutions for the (online) problem of searching the pattern
P in T via L. Note that a direct online solution consists in decoding L and then

using any classical string matching algorithm for the searching phase.

The first nontrivial online solution [9] is based on a function Hr which maps
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all characters from T to F' and allows to access text positions in random order.

Formally, the mapping Hr and its inverse I are defined so as to satisfy
T[i] = F[Hr[§]] and T[I[{]] = F[i], for 1<i<n.

The construction of Hr and I (cf. Fig. 6.8) requires three iterations over the
BTW-encoded text and the computation of the arrays W and C, yielding an
overall extra space of size (3n + o).

The resulting method turns out to be simple and flexible since one can use
any existing string matching algorithm as it is, including non-standard pattern
matching algorithms. In particular, [9] has chosen to adapt the Boyer-Moore [14]
algorithm, which has a O(nm) worst-case time complexity, but a sublinear be-
havior on average. However, the use of a linear algorithm may lead to an overall
O(n) worst-case time algorithm.

A more remarkable result is the Binary-Search algorithm [9], which is based
on the following observation. Since all rows M; such that P T M; are contiguous,
it is possible to count the occurrences of the pattern P by locating the first and
last matching rows. The idea is then to use binary search to locate the pattern in
the range of rows [C[P[1]] .. C[P[1] + 1] — 1]. Rows are decoded as needed, using
the array W, and are lexicographically compared with the pattern to update the
current interval as in standard binary search. Once a matching row M; is found,
the first and last rows are searched using a slightly modified binary search in the
ranges [C[P[1]]..4 — 1] and [i.. C[P[1] + 1] — 1], respectively.

Once the range has been found, it is possible to query the corresponding
positions in constant time, using the mapping I, since this, by the property
above, represents a mapping between F' and T. The computation of the mapping
I requires, as for Hr, three iterations over the encoded text. However, if one
is only interested in counting the matching occurrences, the preprocessing just
requires two iterations, to build W.

The search time of the Binary-Search algorithm is O(mlogn) in the worst
case and decreases to O(mlogn/o) on average. Thus, the overall worst-case time

complexity of the algorithm is O(n + mlogn).

The indexing data structures for the BWT are based on the compression of
the suffix array of the text, which is strictly related to the BWT. In fact, they are
more than a traditional index in that they also encode the indexed text. Such

indexes allow one to efficiently compute two useful generic operations on symbol
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BuiLp-C (L) BuiLp-V-W (L, C) BuILD-I-HR (W, id)
1.fori+ 1too l.fori< 1ton 1.4+ id
2. Kli] < 0 2. V[i] <= C[L[3]] 2. for j < 1ton
3.fori< 1lton 3. WIC[L[H]]] « 1 3. Hr[j] «+ 1
4. K[L[{]] « K[L[{]]+1 4 C[L[E]] « C[L[{]] +1 4, I[i] « j
5. sum « 1 5. return (V, W) 5. i« Wi
6. for i+ 1too 6. return (I, Hr)
7. Cli] + sum BWT-DECODE (L, W, id)
8. sum <+ sum + KJi] 1.4 < id
9. return C 2. for j< 1ton

3. i+ WIi]

4 T[] + Lfi]

5. return T

Figure 6.8: Algorithms to compute the C, V', W, I, Hr and T arrays.

sequences:
e rank(L,c, 1), which returns the number of occurrences of the character ¢ in
the prefix L[1..1];

e select(L,c,i), which returns the index in L of the i-th occurrence of the

character c.

Note that the rank function allows one to compute the array V' using formula 6.1,
as r; = rank(L, L[i], 1), for 1 <i < n.

Recently, much attention has been devoted to the efficient implementation,
time and space wise, of this data structure. One well known implementation is
the FM-Index [34]. In [34] Ferragina and Manzini presented an efficient algorithm
based on rank queries, which finds, as in binary search, the range of rows having
P as a prefix. In particular they showed that O(m) rank queries on the BWT

are needed to count the occurrences of a pattern of length m.

6.2.3 A new efficient approach for online searching BWT-

encoded texts

We present now a new approach for online searching BWT-encoded texts, which
yields algorithms with sublinear extra space in most practical cases, especially
in the case of large alphabets and short patterns. The main idea consists in
building a data structure which allows to efficiently implement select queries
only for characters occurring within the pattern.

To this end, let P be, as above, a pattern of length m over a finite ordered
alphabet ¥ of size ¢ and let L be the BWT-encoding of a text 1" of length n,
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over the same alphabet. Let ¥, C 3 be the collection of the characters occurring
within P. Trivially, [X,] < m.

We construct a Partial-select data structure, implemented as an array Ps
of size o, where the entry Ps[c] points to a list containing all positions in L of
the character ¢, in increasing order, for each ¢ € ¥,. Thus, it turns out that
select(L, c,i) = Ps[c,i], where Ps[c,i] is the i-th entry in the list pointed to by
Plc]. If occurrences lists are implemented as arrays, each select query can be
answered in constant time. For a given character ¢, let K|c|] be the number of

the occurrences of ¢ in L. The extra space needed for computing Ps is given by

o+ Z Klc]<o+n,

CEZP

where the equality holds if ¥, = 3. Of course, if the alphabet is small, the gain,
if any, is negligible, but for moderately large alphabets, or when m is smaller
than o, it favorably compares with the total size of the text.

The Partial-select data structure, in combination with the array C introduced
in Section 6.2.1, allows one to compare in an efficient way a pattern P of length
m with any row M;. In particular, one can check whether P is lexicographically
smaller, equal, or greater than the prefix of length m of row M;, for 1 <i < n.

To this end, let us suppose that we have succesfully compared a prefix P[1 .. k]
of the pattern with row M;, with k < m, and also assume that j is the index of
Plk] in L, i.e., L[j] = P[k] = M;[k]. In order to compare P[k+ 1] with M;[k+1],
observe that the index of M;[k + 1] in F is actually j; we thus need to know
whether F[j] = Pk + 1]. This can be done by exploiting the properties of the
array C. In particular, given an index j and a character ¢, it can be verified
in constant time if F[j] = ¢, by checking whether j is contained in the interval
[Clc] .. Cle+ 1] — 1]. If the answer is negative, we can also verify if F[j] is smaller
or greater than ¢ by checking whether j is smaller than C[c] or greater than
Clec + 1] — 1, respectively.

We use this tecnique to check whether M;[k + 1] = Pk + 1]. If the answer
is positive, we reiterate the same procedure on L[j’], where j' is the index of
M;[k+1] in L.

To compute j/, we observe that, by definition of M, the i-th occurrence of
a character ¢ in F' and in L maps onto the same character in 7. Moreover, we
note that the index j in F' corresponds to the (j — C[F[j]])-th occurrence of the

character F[j] in F. It thus turns out that the index j' can be computed in
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BuiLp-C-Ps (P, L)
1. m < len(P)

~
[
~
~
o
=
~
o
~

2. fori< 1too

3 K[i] < 0 i L

4. H[i] < 0 1 1p

5. for i<+ 1tom 2 |s

6 H[P[i]] + 1 3 |s 7 [10]11]
7.fori<+ 1ton 4 |m 4
8. K[L[i]] « K[L[i]] +1 5 | i

9. if H[L[i]] > 0 then 6 |p

10. Ps[L[i], H[L[4]]] + i T|i

11. HIL[i]] < H[L[i]] + 1 8 |'s

12. sum «+ 1 9 s

13. for i <+ 1 to o 10 | i

14. Cli] + sum DNES

15. sum < sum + K[i]

16. return (C, Ps)

Figure 6.9: left: procedure BUILD-C-Ps for computing the new data structure Ps.
right: (a) an example: the BWT-encoding of the string “mississippi”; (b) the data
structure Ps relative to L, for the alphabet ¥, = {i,s}; (c) the data structure Ps
relative to L, for the alphabet ¥, = {i,m}.

constant time by quering the Ps data structure as follows:
j' = Ps [P[k +1],j — C[P[k + 1]]}.

A comparison function, named Ps-STRCMP and based on the Ps data structure,

is shown in Fig. 6.10. It requires O(m)-time for comparing P with M;[1..m].
Figure 6.9 also shows the code of the procedure for computing the Partial-

select data structure Ps. It requires a single iteration on the BWT-encoded text

and has a O(n)-time and -space complexity.

A Standard-Search algorithm

Our first algorithm works as a standard pattern matching algorithm; it compares
the pattern P with the windows T'[i..i + m — 1] of the text, for 1 <i < n —m.
It exploits the fact that to locate all the occurrences of P in T it is enough
to compare the pattern with all the windows starting with character T[i] =
P[1]. This corresponds to comparing the pattern with all the rows M; starting
with P[1]. Trivially, M; starts with symbol P[1] if and only if 4 is in the range
[C[P[1]]..C[P[1] + 1] — 1]. Thus, our proposed algorithm exploits the property
that the i-th occurrence in L of character P[1] is found at position Ps[P[1],4].

The resulting method is simple and flexible and can be used in combination
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with any existing string matching algorithm which processes the text from left
to right, including non-standard pattern matching algorithms.

Figure 6.10 (on the top) shows the code of the Standard-Search algorithm,
where the procedure PS-STRCMP is used as a subroutine for comparing the pat-
tern with a row M;. Despite its worst-case O(nm)-time complexity, the algorithm
turns out to be efficient in practice, expecially when the number of occurrences
of the character P[1] is small. In particular, for a given pattern P, the searching
phase has a O(mK[P[1]])-time complexity.

A Binary-Search algorithm

Our second proposed solution is a variant of the Binary-Search algorithm, de-
scribed in Section 6.2.2 (cf. [9]). It makes use of the data structure Ps to facilitate
the comparison of the pattern P with the rows of the matrix M. The resulting
algorithm, whose code is shown in Fig. 6.10 (left), has the same structure of the
Binary-Search algorithm. As in the Standard-Search algorithm, we search the
pattern in the range of rows [C[P[1]].. C[P[1] + 1] — 1]. A first binary search is
applied (lines 4-11) to locate a matching row M; such that P C M;. When a
matching row M; is found (line 12), a slightly modified binary search is used to
locate the first row in the range [C[P[1]]..¢] (lines 13-20) and to locate the last
row in the range [i.. C[P[1] + 1] — 1] (lines 21-28).

The new Binary-Search method, as the original algorithm, achieves a O(n +
mlogn) overall time complexity. However, since |Ps| + |C| < |W| + |C], in
practical cases it uses less space than the Binary-Search algorithm, as shown in
Section 6.2.4.

A Rank-Search algorithm

Our last solution for online searching BWT-encoded data is based on the use of
the rank function, as done in standard indexing algorithms.

The Rank-Search algorithm counts the number of occurrences of P in T by
locating two indexes, sp and ep, such that P C M;, for all 7 in the range [sp .. ep].
This can be done with O(m) rank queries. The code of the Rank-Search algorithm
is presented in Fig. 6.10 (right).

The new approach uses the subroutine Ps-RANK to exploit the Ps data struc-

ture in order to compute efficiently any rank query on L. In particular, forc € X,
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STANDARD-SEARCH (P, L)

1. count <~ 0

2. (C, Ps) < BuiLD-C-Ps(P, L)

3. for i < C[P[1]] to C[P[1] +1] —1

4. if Ps-STrRcMP(P, C, Ps,i) = 0 then
5. count < count + 1

6. return count

Ps-STrOMP (P, C, Ps, 1)

1. m < len(P), ¢ + PJ[1]

2. for j < 2tom

3 i+ Ps[c,i — C[c]], ¢ + PJ[j]

4 if i < C[c] then return 1

5. if i >= C[c + 1] then return —1
6. return 0

BINARY-SEARCH (P, L)

1. count <~ 0

2. (C, Ps) < BulLD-C-Ps(P, L)
3. ¢+ P[1]

4. low + C|]

5. high < Clc+1] —1

6. while low < high

7. mid < (low + high)/2

8 cmp < Ps-STrROMP(P, C, Ps, mid)
9 if emp = 0 then break

10. if emp > 0 then low < mid + 1
11. else high < mid

12. if emp = 0 then

13. h < mid — 1

14. while low < h

15. m < (low + h)/2

16. if Ps-STRCMP(P, C, Ps, m) > 0
17. then low + m + 1

18. else h <+ m

19. if Ps-STroMP(P, C, Ps,low) # 0
20. then low < mid

21. I+ mid+1

22. while [ < high

23. m < (I + high +1)/2

24. if Ps-STrROMP(P, C, Ps,l) > 0
25. then [ +— m

26. else high «+— m — 1

27. if Ps-Stromp(P, C, Ps, high) # 0
28. then high < mid

29. count < high — low + 1

30. return count

RANK-SEARCH (P, L)

1. count <~ 0

2. (C, Ps) < BuUILD-C-Ps(P, L)

3.4+ len(P)

4. ¢ + PJi]

5. sp + C|c]

6.ep+ Cle+1]—1

7. while sp < epand i > 2

8. ¢+ Pli—1]

9. sp < Clc] + Ps-RANK(Ps,c,sp— 1) + 1
10.  ep + C|[c] 4+ Ps-RANK(Ps, ¢, ep)
11. P4 1—1
12. if ep > sp then
13. count < ep—sp+1
14. return count

Ps-RaNK (Ps, ¢, 1)
1. low + 1
2. high <« len(Ps[c])
3. while low < high
4. mid < (low + high)/2
5. if Ps[c][mid] > i then
6. high + maid
7. else if Ps[c|[mid] < i then
8. low < mid + 1
9. else return mid
10. return low

Figure 6.10: Algorithms for online searching BWT-encoded texts. top: the Standard-
Search algorithm. left: the Binary-Search algorithm. right: the Rank-Search algo-

rithm.

the query rank(L,c,4) can be answered via the following relation

rank(L, c,i) = max{j | Ps|e,j] <i}U{0}.

Since the occurrences lists in Ps are in increasing order, it is possible to use a

binary search for locating the value of rank(L,%,c). The procedure Ps-RANK

achieves a O(log K|c])-time complexity for answering any rank query on charac-

ters occurring in the pattern, where we recall that K|c] is the number of occur-
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rences of ¢ in T. The Rank-Search algorithm achieves a O(n + mlogn) overall
time complexity.
6.2.4 Experimental evaluation

Next, we illustrate and comment on some experimental results, in terms of space
usage and running times (preprocessing + searching times), of the following online

algorithms for searching BWT-encoded texts:
e HS: the Horspool algorithm which searches the text using the Hr mapping;

e D&S: the Decode-and-Search method with the Horspool algorithm;

BS: the Binary-Search algorithm;

SS: our Standard-Search algorithm;
e BS2: our modified variant of the Binary-Search algorithm;
e RS: our rank based algorithm.

In the case of the HS and D&S algorithms, we used the Horspool algorithm [39]
which is a simple and efficient variant of the Boyer-Moore algorithm. The tests
have been performed on a 1.5 GHz PowerPC G4. We used the input files (i), (ii),
(iii) and (iv) (see Section 2.6). For each input file, we have generated sets of 100
patterns, randomly extracted from the text, of fixed length m, with m ranging
in the set {4, 8, 12, 16, 20, 24, 28, 32}.

Average space usage

For each set of patterns, we computed the space used during preprocessing, ex-
pressed as number of bytes for text character. In particular, integers have been
represented in our tests by 4 bytes and characters by 1 byte. Hence, the arrays
L and W require n bytes and 4n bytes, respectively.

Note that the space required by the BS, HS, and D&S algorithms is indepen-
dent of the alphabet size and of the pattern size.

From the above experimental results, it turns out that the extra space required
by our newly presented variants is up to four times smaller than that required by
the BS algorithm, whose space-performance is better than those of the algorithms
HS and D&S. As expected, the best results are obtained for large alphabets and
short patterns. The gap relative to the BS algorithm decreases with the size of
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RS, BS2 and SS
o 4 8 12 16 20 24 28 32 HS D&S BS
63 1.16 1.76 2.16 2.52 2.68 2.88 292 3.04 8.00 5.00 4.00
94 0.72 132 164 1.84 204 224 240 2.56 8.00 5.00 4.00
20 0.84 156 196 240 268 296 3.16 3.28 8.00 5.00 4.00
4 2.80 3.44 368 3.84 392 392 396 3.96 8.00 5.00 4.00

Table 6.4: Average extra space required by the algorithms in bytes for text character.

m HS D&S BS BS2 RS SS
4 354.1 2809 1189 78.8 79.1 79.6
8 346.6 2789 1199 90.5 90.8 93.0
12 3579 2942 1249 101.2 101.1 102.3
16 371.6 299.0 125.2 1089 108.6 110.2
20 3472 2775 120.0 106.3 106.0 107.2
24 3448 2769 1205 1105 109.9 111.3
28 339.0 2741 1194 110.1 1104 1116
32 3568 297.1 125.7 117.8 117.2 1193

Table 6.5: Running times (ms) on the King James version of the Bible.

the alphabet. In particular, for an alphabet of dimension 4 and long patterns
the space required by the Ps data structure is almost the same as in the BS

algorithm.

Overall running times

In the following table we compare the overall running times of the algorithms
under consideration. For each set of patterns, we report the mean over the
running times of 100 runs. In the following tables, running times are expressed
in milliseconds and the best results are bold-faced.

From the above experimental results, it turns out that in most cases the
algorithm BS2 achieves the best results, especially in the case of large alphabets,
and is second only to the algorithm BS, in the case of 4 characters alphabets.
Note, however, that when o > 4, our newly presented algorithms do always
perform better than previously available solutions.

The HS algorithm, based on the Hr mapping, turns out to be the worst, even
worse than the D&S method. Accessing the text in a non-sequential way is not
cache friendly and since the space needed to decode the text is the same as the

one required by Hr, there is no reason to prefer the algorithm HS to the D&S
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m HS D&S BS BS2 RS SS
4 2362 1773 748 433 43.0 43.7
8§ 2316 1753 76.1 49.5 503 50.1

12 2284 175.0 759 53.8 542 539

16 238.8 185.2 781 57.4 57.7 578

20 235.0 1856 783 59.3 59.3 599

24 233.1 1860 787 61.8 622 62.5

28 2296 1854 784 63.6 63.5 64.1

32 2339 1886 787 654 653 70.0

Table 6.6: Running times (ms) on the CIA World Fact Book.

m HS D&S BS BS2 RS SS
4 2535 2173 902 57.1 582 574
8 256.7 2257 913 70.7 716 723
12 2533 219.3 906 76.6 77.0 76.8
16 255.6 225.3 91.7 83.0 84.0 84.0
20 2581 2268 91.3 87.7 88.6 86.7
24 246.6 2181 917 875 87.3 882
28 250.1 2278 92.0 91.2 92.0 91.6
32 2534 2235 922 90.7 914 918

Table 6.7: Running times (ms) on a protein sequence.

m HS D&S BS BS2 RS SS
4 381.3 3604 138.5 143.3 143.0 145.3
8§ 390.3 367.5 139.9 1529 153.0 152.2

12 375.7 3521 137.4 153.2 152.0 152.2

16 382.3 354.7 142.1 159.0 159.6 158.3

20 380.7 358.5 138.1 159.1 157.2 157.2

24 370.6 352.2 140.3 158.3 161.5 157.7

28 381.0 3726 141.3 166.6 161.3 160.7

32 376.0 350.6 137.7 158.8 157.7 157.7

Table 6.8: Running times (ms) on a DNA sequence.
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method. The algorithms BS2 and the RS always achieve better running times
as compared with the Binary-Search algorithm. The algorithm SS can be faster
than the other algorithms when the frequency of the first character of the pattern

is very low, but on average is always slower.






Chapter 7

Conclusions

In this thesis we have presented new results for the string matching problem
and some of its variants. In particular, we have introduced a novel encoding,
based on the bit-parallelism technique, for nondeterministic finite automata with
a regular structure like those relative to the languages ¥*P and Suff (P) of a
string P. Our representation exploits a particular factorization of strings to
encode automata by smaller bit-vectors. The resulting algorithms scale much
better with the length of the pattern. This result leaves some questions open.
The first one is whether there exist other factorizations that can be used to obtain
efficient automata simulations. Another one is whether such a technique, which
is less flexible than bit-parallelism, can be extended to more complex patterns
like wildcards or regular expressions.

We have also illustrated an encoding, based on bit-parallelism, of the nonde-
terministic automata for the languages ¥*P and Suff (P) of a set of strings P.
This representation exploits the relation between reachable configurations of the
automata and the associated failure function, and encodes the transition function
in polynomial space in the size of the automaton.

We have further presented practical bit-parallel variants of the Wide-Window
algorithm for the string matching problem that use the bit-level parallelism to
simulate two automata in parallel. In one case this technique doubles the shift
performed by the algorithm. This result shows that the method of using a fixed
length shift allows for an easy parallelization of the algorithm as opposed to
BDM-like algorithms; indeed, a variable shift requires a more complex simula-

tion to parallelize the algorithm. For this reason, this method is worth further
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investigations.

As for the approzimate string matching problem, we have presented a new dis-
tance function based on edit operations involving substrings rather than single
characters, i.e., swaps of equal length adjacent substrings and reversals of sub-
strings. We have also introduced an algorithm, based on dynamic programming
and on the DAWG data structure, that solves the approrimate string matching
under this distance. A possible future work will be to investigate variants of the
proposed distance and more efficient algorithms.

In addition, we have also discussed a simple variant of an algorithm for the
string matching with swaps problem that is able to count, for each occurrence
of the pattern, the corresponding number of swaps without any time and space
overhead.

In relation to the compressed string matching problem, we have presented
adaptations of Boyer-Moore like algorithms relative to the Huffman encoding. An
idea that might be worth investigating is whether this approach can be improved
by decoding byte-wise rather than bit-wise while still being able to skip bits, as
this modification would speed up the decoding phase considerably. Finally, we
have presented a more efficient, both time and space wise, preprocessing method

to search for a pattern in Burrows-Wheeler encoded texts.
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